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 1
I n t r o d u c t i o n
This chapter provides an introduction to the Heat Transfer Module.
 1



2 |  C H A P T E R  1
I n t r o du c t i o n

The Heat Transfer Module is an optional package that extends the COMSOL 
Multiphysics® modeling environment with customized user interfaces and 
functionality optimized for the analysis of heat transfer. We have developed it for a wide 
audience including researchers, developers, teachers, and students. To assist users at all 
levels of expertise, this module comes with a library of prewritten ready-to-run 
application modes and example models that appear in the companion Heat Transfer 
Module Model Library.

Heat transfer is involved in almost every kind of physical process, and in fact it can be 
the limiting factor for many processes. Thus its study is of vital importance, and the 
requirement for powerful heat transfer analysis tools is virtually universal. Further, heat 
transfer often appears together with, or as a result of, other physical phenomena, 
making this module useful for engineers in all disciplines. 

Indeed, the modeling of heat transfer effects has become ever more important in the 
design of products in many areas including the electronics, automotive, and medical 
industries. The combination of experimental work in the laboratory along with 
theoretical analyses through computer models has proven to be effective in 
accelerating the understanding of problems as well as helping decrease development 
costs for new processes.

We developed this dedicated Heat Transfer Module to greatly expand upon the base 
capabilities available in COMSOL Multiphysics, in particular by adding support for 
radiative heat transfer. The module supports all fundamental mechanisms including 
conductive, convective, and radiative heat transfer (both surface-to-surface and 
surface-to-ambient radiation). Using the application modes in this module along with 
the inherent multiphysics capabilities of COMSOL Multiphysics, you can model a 
temperature field in parallel with other physics—a powerful combination that makes 
your models even more accurate and representative of the real world. 

The documentation set for the Heat Transfer Module consists of two books. The one 
in your hands, the Heat Transfer Module User’s Guide, introduces the basic 
modeling process. The tutorial sections present the different application modes 
available in the module. It also discusses the modeling strategy for various cases. This 
section covers different combinations of conductive, convective, and radiative heat 
transfer. It also reviews special modeling techniques for highly conductive layers, thin 
conductive shells, and out-of-plane heat transfer. Throughout the manual the models 
:  I N T R O D U C T I O N



increase in complexity by combining several heat transfer mechanisms and also by 
coupling these to application modes describing the flow of fluids.

The second book in the set, the Heat Transfer Module Model Library, is divided into 
three broadly defined application areas where heat transfer plays an important role: 

• Electronics and power systems

• Processing and manufacturing

• Medical technology

Most of the models involve multiple heat transfer mechanisms and are often coupled 
to other physical phenomena, for example, fluid dynamics or electromagnetics. The 
authors developed several state-of-the art examples by reproducing models that have 
appeared in international scientific journals. 

The library also contains a set of tutorial models that should prove very helpful for new 
users who want to step through simple examples that illustrate how to simulate 
different heat-transfer mechanisms. Each model comes with some theoretical 
background as well as step-by-step instructions that illustrate how to set it up. Further, 
we supply these examples as COMSOL Multiphysics Model MPH-files so you can 
open them in COMSOL Multiphysics for immediate access. This way you can follow 
along with the printed discussion as well as use them as a jumping-off point for your 
own modeling needs.

We hope the Heat Transfer Module becomes a valuable tool in your modeling work, 
and we are convinced that the effort you put into understanding COMSOL 
Multiphysics will be repaid several times over. If you have any feedback on the models 
in this set, please let us know. Likewise, if you have any ideas for additional models that 
we could add to the library, we welcome your suggestions. In any case, feel free to 
contact us at info@comsol.com.

New Features in Heat Transfer Module 3.4

• Improved fluid-flow capabilities making it easier to solve free convection problems 
and large models.

• Surface-to-surface radiation for axisymmetric models (see “Radiation in 
Axisymmetric Geometries” on page 59).

• Improved and extended model library, including examples of free convection and 
axisymmetric radiation.
I N T R O D U C T I O N  |  3



4 |  C H A P T E R  1
Typographical Conventions

All COMSOL manuals use a set of consistent typographical conventions that should 
make it easy for you to follow the discussion, realize what you can expect to see on the 
screen, and know which data you must enter into various data-entry fields. In 
particular, you should be aware of these conventions:

• A boldface font of the shown size and style indicates that the given word(s) appear 
exactly that way on the COMSOL graphical user interface (for toolbar buttons in 
the corresponding tooltip). For instance, we often refer to the Model Navigator, 
which is the window that appears when you start a new modeling session in 
COMSOL; the corresponding window on the screen has the title Model Navigator. 
As another example, the instructions might say to click the Multiphysics button, and 
the boldface font indicates that you can expect to see a button with that exact label 
on the COMSOL user interface.

• The names of other items on the graphical user interface that do not have direct 
labels contain a leading uppercase letter. For instance, we often refer to the Draw 
toolbar; this vertical bar containing many icons appears on the left side of the user 
interface during geometry modeling. However, nowhere on the screen will you see 
the term “Draw” referring to this toolbar (if it were on the screen, we would print 
it in this manual as the Draw menu).

• The symbol > indicates a menu item or an item in a folder in the Model Navigator. 
For example, Physics>Equation System>Subdomain Settings is equivalent to: On the 
Physics menu, point to Equation System and then click Subdomain Settings. 
COMSOL Multiphysics>Heat Transfer>Conduction means: Open the COMSOL 

Multiphysics folder, open the Heat Transfer folder, and select Conduction.

• A Code (monospace) font indicates keyboard entries in the user interface. You might 
see an instruction such as “Type 1.25 in the Current density edit field.” The 
monospace font also indicates COMSOL Script codes.

• An italic font indicates the introduction of important terminology. Expect to find 
an explanation in the same paragraph or in the Glossary. The names of books in the 
COMSOL documentation set also appear using an italic font.
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T h e o r y  o f  H e a t  T r a n s f e r
In this chapter you find a background to the theory of heat transfer.
 5
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Th eo r y  Ba c k g r ound

This chapter reviews the theory behind the equations with which you model heat 
transfer problems. It describes in detail the theory behind radiative heat transfer 
between surfaces, that is, surface-to-surface radiation, because this functionality is 
unique to this module. For more detailed discussions of the fundamentals of heat 
transfer, see Ref. 1 and Ref. 2.

What is Heat Transfer?

Heat transfer is defined as the movement of energy due to a difference in temperature. 
It is characterized by the following three mechanisms, all of which the Heat Transfer 
Module supports:

• Conduction. Heat conduction takes place through different mechanisms in 
different media. Theoretically it takes place in a gas through collisions of the 
molecules; in a fluid through oscillations of each molecule in a “cage” formed by its 
nearest neighbors; and in metals by electrons carrying heat or in other solids by 
molecular motion. Typical for heat conduction is that the heat flux is proportional 
to the temperature gradient.

• Convection. Heat convection takes place through the net displacement of a fluid, 
which transports the heat content in a fluid through the fluid’s own velocity. The 
term convection is also used for the heat dissipation from a solid surface to a fluid, 
where the heat transfer coefficient and the temperature difference across a fictive 
film describe the flux. The Heat Transfer Module includes both descriptions.

• Radiation. Heat transfer by radiation takes place through the transport of photons, 
which solid surfaces can absorb or reflect. The Heat Transfer Module includes 
surface-to-surface radiation, which accounts for shadowing and diffuse reflections 
between radiating surfaces. It also includes surface-to-ambient radiation where the 
ambient surroundings are treated as a black body with known temperature.

The Heat Equation

The fundamental law governing all heat transfer is the first law of thermodynamics, 
commonly referred to as the principle of conservation of energy. However, internal 
energy, U, is a rather inconvenient quantity to measure and use in simulations. 
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Therefore, the basic law is usually rewritten in terms of temperature, T. For a fluid, the 
resulting heat equation is:

 (2-1)

where

•  ρ is the density (kg/m3)

•  Cp is the specific heat capacity at constant pressure (J/(kg·K))

•  T is absolute temperature (K)

•  u is the velocity vector (m/s)

•  q is the heat flux by conduction (W/m2)

•  p is pressure (Pa)

•  τ is the viscous stress tensor (Pa)

• S is the strain rate tensor (1/s):

•  Q contains heat sources other than viscous heating (W/m3)

In deriving Equation 2-1, a number of thermodynamic relations have been used. The 
equation also assumes that mass is always conserved, which means that density and 
velocity must be related through:

The General Heat Transfer application mode uses Fourier’s law of conduction which 
states that the conductive heat flux, q, is proportional to the temperature gradient:

 (2-2)

where k is the thermal conductivity (W/(m·K)). In a solid, the thermal conductivity 
can be different in different directions. Then k becomes a tensor

ρCp
∂T
∂t
------- u ∇⋅( )T+⎝ ⎠
⎛ ⎞ ∇ q⋅( )– τ:S T

ρ
---- ∂ρ

∂T
-------

p

∂p
∂t
------ u ∇⋅( )p+⎝ ⎠
⎛ ⎞– Q+ +=

S 1
2
--- ∇u ∇u( )T+( )=

t∂
∂ρ ρv( )∇•+ 0=

qi k ∂T
∂xi
--------–=
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and the conductive heat flux is given by 

The second term on the right of Equation 2-1represents viscous heating of a fluid. An 
analogous term arises from the internal viscous damping of a solid. The operation “:” 
is a contraction and can in this case be written on the following form:

 (2-3)

The third term represents pressure work and is responsible for the heating of a fluid 
under adiabatic compression and for some thermo-acoustic effects. It is generally small 
for low Mach number flows. A similar term can be included to account for 
thermo-elastic effects in solids. 

Inserting Equation 2-2 into Equation 2-1, reordering the terms and ignoring viscous 
heating and pressure work puts the heat equation on a perhaps more familiar form:

 (2-4)

The General Heat Transfer application mode solves this equation for the temperature, 
T. When convective heat transfer is active, you can provide the velocity u as a 
mathematical expression of the independent variables or calculate it within COMSOL 
Multiphysics by a coupling to a momentum-transfer application mode such as 
Incompressible Navier-Stokes or Weakly Compressible Flow application mode. If the 
velocity is set to zero, you finally get the equation governing pure conductive heat 
transfer in a solid:

k

kxx kxy kxz

kyx kyy kyz

kzx kzy kzz

=

qi kij
∂T
∂xj
--------

j
∑–=

a:b anmbnm

m
∑

n
∑=

ρCp
∂T
∂t
------- ∇ k– ∇T( )⋅+ Q ρCpu ∇T⋅–=

ρCp
∂T
∂t
------- ∇ k– ∇T( )⋅+ Q=
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Boundary Conditions

The heat equation accepts two basic types of boundary conditions: specified 
temperature and specified heat flux. The former is of Dirichlet type and prescribes the 
temperature at a boundary:

while the latter specifies the inward heat flux 

where:

• q is the total heat flux vector (W/m2),

• n is the normal vector of the boundary,

• q0 is inward heat flux (W/m2), normal to the boundary.

Note that when convective heat transfer is active, the heat flux boundary condition is 
a mixed, or Robin type, boundary condition rather than a pure Neumann boundary 
condition. 

The special case q0 = 0 is called thermal insulation. Another special case is 
q0 = −ρCpuT, or equivalently , which is known as convective flux. 
This is usually the appropriate condition on an outflow boundary in a model with 
convection. If the velocities are zero, thermal insulation and convective flux are 
equivalent conditions.

The inward heat flux q0 is normally a sum of contributions from different heat transfer 
processes. It is often convenient to split the heat flux boundary condition as

 (2-5)

where qr represents incoming radiation and qs is a contribution from a thin but highly 
conducting shell in contact with the boundary. The last term is a product of a heat 
transfer coefficient, h, and the difference between the surface temperature T and a 
reference temperature Tinf. It can be used to model a thin shell with low thermal 

T T0=    on Ω∂

n– q⋅ q0=    on Ω∂

q k T∇– ρCpuT+=

n– k T∇–( )⋅ 0=

n– q⋅ q0 qr qs h Tinf T–( )+ + +=    on Ω∂
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conductivity or, more commonly, the convective cooling of a surface exposed to a 
flowing fluid with bulk temperature Tinf.

The next two sections take a closer look at the contributions from radiation and from 
convective heat transfer across a boundary layer.

Radiative Heat Transfer

This discussion has thus far considered heat transfer by means of conduction and 
convection. The third mechanism for heat transfer is radiation. Thermal radiation 
denotes the stream of electromagnetic waves emitted from a body at a certain 
temperature. This section studies the theory behind the radiative heat transfer process 
that occurs on the surface of a body.

D E R I V I N G  T H E  R A D I A T I V E  H E A T  F L U X

Figure 2-1: Arriving irradiation (left), leaving radiosity (right).

Consider a point  located on an opaque surface that has an emissivity ε, reflectivity 
ρ, absorptivity α, and temperature T. Assume the body is opaque, which means that 
no radiation is transmitted through the body. This is true for most solid bodies.

The total arriving radiative flux at  is named the irradiation, G. The total outgoing 
radiative flux  is named the radiosity, J. The radiosity is the sum of the reflected 
radiation and the emitted radiation:

 (2-6)

The net inward radiative heat flux, q, is then given the difference between the 
irradiation and the radiosity:

 (2-7)

x
ε γ α T, , ,

x
ε ρ α T, , ,

G ρG

εσT4

J ρG εσT4
+=

x

x
x

J ρG ε σ T4
+=

q G J–=
 2 :  T H E O R Y  O F  H E A T  TR A N S F E R



Using Equation 2-6 and Equation 2-7 you can eliminate J and obtain a general 
expression for the net inward heat flux into the opaque body based on G and T.

 (2-8)

Most opaque bodies also behave as ideal gray bodies, meaning that the absorptivity and 
emissivity are equal, and the reflectivity is therefore given from the following relation:

 (2-9)

Thus, for ideal gray bodies, q is given by:

 (2-10)

This is the equation used in COMSOL Multiphysics in the General Heat Transfer 
application as radiation boundary condition.

R A D I A T I O N  TY P E S

The Heat Transfer Module distinguishes between two types of radiative heat transfer: 
surface-to-ambient radiation, and surface-to-surface radiation. Equation 2-10 holds 
for both radiation types, but the irradiation term, G, is different for them. The next 
sections derive the irradiation term and the resulting radiative heat flux for both 
radiation types.

S U R F A C E - T O - A M B I E N T  R A D I A T I O N

Surface-to-ambient radiation assumes the following:

• The ambient surroundings in view of the surface have a constant temperature, 
Tamb.

• The ambient surroundings behave as a black body. This means that the emissivity 
and absorptivity are equal to 1, and zero reflectivity.

These assumptions allow you to explicitly express the irradiation as

 (2-11)

Inserting Equation 2-11 into Equation 2-10 results in the net inward heat flux for 
surface-to-ambient radiation

 (2-12)

q 1 ρ–( )G εσ T4
–=

α ε 1 ρ–= =

q ε G σ T4
–( )=

G σ Tamb
4

=

q εσ Tamb
4 T4

–( )=
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For boundaries where you have specified surface-to-ambient radiation, COMSOL 
Multiphysics adds this term to the right side of Equation 2-5.

S U R F A C E - T O - S U R F A C E  R A D I A T I O N

Surface-to-surface radiation is more complex. It includes radiation from both the 
ambient surroundings and from other surfaces. A generalized equation for the 
irradiative flux is:

 (2-13)

where Gm is the mutual irradiation arriving from other surfaces in the modeled 
geometry and Famb is the ambient view factor. The latter describes the portion of the 
view from each point that is covered by ambient conditions. Gm on the other hand is 
determined from the geometry and the local temperatures of the surrounding 
boundaries. The following sections derive the equations for Gm and Famb for a general 
3D case:

Consider a point  on a surface as in Figure 2-2. Point  can see points on other 
surfaces as well as the ambient surrounding. Assume that the points on the other 
surfaces have a local radiosity, J', while the ambient surrounding has a constant 
temperature, Tamb.

G Gm FambσTamb
4

+=

x x
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Figure 2-2: Example geometry for surface-to-surface radiation.

The mutual irradiation at point  is given by the following surface integral:

 (2-14)

The heat flux that arrives from  depends on the local radiosity  projected onto . 
The projection is computed using the normal vectors  and  along with the vector 

, which points from  to . 

The ambient view factor, Famb, is determined from the integral of the surrounding 
surfaces S', here denoted as F', determined from the integral below:

 (2-15)

r

n

n'

x'

xJ'

S'

Samb

x

Gm
n'– r⋅( ) n r⋅( )

π r
4

------------------------------------J' Sd

S'

∫=

x' J' x
n n'

r x x'

Famb 1 F '– 1 n'– r⋅( ) n r⋅( )

π r
4

------------------------------------ Sd

S'

∫–= =
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The two last equations plug into Equation 2-13 to yield the final equation for 
irradiative flux.

The equations used so far apply to the general 3D case. 2D geometries results in 
simpler integrals. For 2D the resulting equations for the mutual irradiation and 
ambient view factor are:

 (2-16)

 (2-17)

where the integral over  denotes the line integral along the boundaries of the 2D 
geometry.

In axisymmetric geometries, the irradiation and ambient view factor cannot be 
computed directly from a closed-form expression. Instead, a virtual 3D geometry must 
be constructed, and the view factors evaluated according to Equation 2-16.

S O L V I N G  F O R  T H E  R A D I O S I T Y

The previous section derived equations for the irradiation G at an arbitrary surface 
point . Now recall the expression for the radiosity leaving from 

 (2-18)

Inserting the expression for G in Equation 2-18 gives the following equation for the 
radiosity:

 (2-19)

Assuming an ideal gray body, the last equation becomes:

 (2-20)

This is the equation used in the General Heat Transfer application mode to solve for 
the radiosity, J. It applies to boundaries that participate in surface-to-surface radiation. 
Equation 2-20 results in a linear equation system in J that is solved in parallel with the 
equation for the temperature, T.

Gm
n'– r⊥⋅( ) n r⊥⋅( )

2 r⊥
3

------------------------------------------J' S⊥d
S⊥'
∫=

Famb 1
n'– r⊥⋅( ) n r⊥⋅( )

2 r⊥
3

------------------------------------------ S⊥d
S⊥'
∫–=

S⊥'

x x

J ρG εσT4
+=

J ρ Gm Fambσ Tamb
4

+{ } ε σ T4
+=

J 1 ε–( ) Gm Famb σ Tamb
4

+{ } ε σ T4
+=
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Convective Cooling/Heating and Heat Transfer Coefficients

One of the most common boundary conditions when modeling heat transfer is 
convective cooling or heating whereby a fluid cools a surface by natural or forced 
convection. In principle, it is possible to model this process in two ways:

• Use a heat transfer coefficient on the convection-cooled surfaces

• Extend the model to describe the flow and heat transfer in the cooling fluid

The first method is very powerful and efficient. In addition, the General Heat Transfer 
application mode provides built-in functions for using heat transfer coefficients. For 
most engineering purposes, the use of these coefficients is an accurate and numerically 
efficient modeling approach. You then model convection cooling by specifying the 
heat flux on the boundaries that interface with the cooling fluid as being proportional 
to the temperature difference across a fictitious thermal boundary layer. You describe 
the flux in terms of a heat transfer coefficient, h, according to the equation

.

The second approach, which implies including the cooling fluid’s flow and heat 
transfer in the model, can be useful in certain cases. You might want to try this method 
if, for example, the geometry causes the heat transfer coefficient to vary substantially 
with position, or if the temperature in the fluid is of particular interest. In such cases, 
the boundary condition at the interface is continuity and requires no attention.

However, the model’s complexity increases significantly due to the necessity of solving 
the flow field as well as the temperature field. In addition, memory requirements and 
calculation time generally grow significantly. This section focuses on the method of 
using heat transfer coefficients to describe convective cooling.

The main difficulty in using heat transfer coefficients is in calculating or specifying the 
appropriate value of the h coefficient. That coefficient depends on the cooling fluid, 
the fluid’s material properties, and the surface temperature—and, for 
forced-convection cooling, also on the fluid’s flow rate. In addition, the geometrical 
configuration affects the coefficient.

H E A T  TR A N S F E R  C O E F F I C I E N T  T H E O R Y

It is possible to divide convection cooling into four main categories depending on the 
type of convection conditions (natural or forced) and on the type of geometry (internal 
or external convection flow). In addition, these four cases can all experience either 

n– k– ∇T( )⋅ h Tinf T–( )=
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laminar or turbulent flow conditions, resulting in a total of eight types of convection, 
as in Figure 2-3.

Figure 2-3: The eight possible categories of convection cooling.

The difference between natural and forced convection is that in the latter case an 
external force such as a fan creates the flow. In natural convection, buoyancy forces 
induced by temperature differences and the thermal expansion of the fluid drive the 
flow.

For each category, various relationships for the heat transfer coefficient have been 
proposed in the literature. For most cases, the equation describing the h coefficient 
varies significantly with the geometrical shape. The expression differs, for example, for 
forced laminar internal convection between a tube and a set of parallel plates.

Heat transfer handbooks generally contain a large set of empirical and theoretical 
correlations for h coefficients. The Heat Transfer Module’s Heat Transfer Coefficients 
library includes a subset of them. The Heat Transfer Coefficients library uses 
handbook expressions based on the following set of dimensionless numbers:

• The Nusselt number, NuL(Re, Pr, Ra) = hL/k

• The Reynolds number, ReL = ρ  U L/η

• The Prandtl number, Pr = ηCp /k

• The Rayleigh number, Ra = Gr  Pr = ρ2 g βCp ∆T L3/(ηk)

where

• h is the heat transfer coefficient (W/(m2·K)).
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• L is the characteristic length (m).

• ∆T is the temperature difference between surface and cooling fluid bulk (K).

• g is the gravitational constant (m/s2).

• k is the thermal conductivity of the fluid (W/(m·K)).

• ρ is the fluid density (kg/m3).

• U is the bulk velocity (m/s).

• η is the viscosity (Pa·s).

• Cp equals the heat capacity of the fluid (J/(kg·K)).

• β is the thermal expansivity (1/K)

Further, Gr refers to the Grashof number, which is defined as the ratio between the 
buoyancy force and the viscous force. 

N A T U R E  O F  T H E  F L O W — T H E  G R A S H O F  N U M B E R

In any fluid-flow modeling, before setting up the model it is necessary to know the 
nature of the flow, an aspect that influences the choice of mathematical model. 

In cases of externally driven flow, such as forced convection, the flow’s nature is 
characterized by the Reynolds number, Re, which describes the ratio of the inertial to 
viscous forces. It is based on the velocity, viscosity, density, and length scale. 

However, the velocity is largely unknown for internally driven flows such as natural 
convection. In such cases the Grashof number, Gr, characterizes the flow. It describes 
the ratio of the internal driving force (buoyancy force) to a viscous force acting on the 
fluid. Similarly to the Reynolds number it requires the definition of a length scale, the 
fluid’s physical properties, and the temperature scale (temperature difference). The 
Grashof number is defined as:

where  g is the constant of gravitational acceleration, β is the fluid’s expansion 
coefficient, Ts denotes the temperature of the hot surface, T0 equals the temperature 
of the surrounding air, L is the length scale, η represents the fluid’s dynamic viscosity, 
and ρ is the density.

For ideal gases, the expansion coefficient is given by

.

GrL
gβ Ts T0–( )L3

η
ρ
---⎝ ⎠
⎛ ⎞2

--------------------------------------=

β 1 T⁄=
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The transition from laminar to turbulent flow occurs at a Gr value of 109; the flow is 
turbulent for larger values.

N U S S E L T  N U M B E R  C O R R E L A T I O N S

In the Heat Transfer Coefficients library included with the Heat Transfer Module, the 
h coefficient is based on Nusselt number correlations from handbooks and is expressed 
as a function of the material properties, temperature, flow rate, and geometry.

For natural convection, the relationship for the Nusselt number typically has the form

.

The parameter C' depends on the geometry. The exponent n is typically equal to 0.25 
for laminar flow and 0.33 for turbulent flow. Nusselt relationships for forced 
convection vary significantly and have no general formula.

There are two types of Nusselt numbers: average, ; and local, Nuy. The average 
is an integral form. It is based on the total length of the cooled surface and yields an 
average heat transfer coefficient, have. Local Nusselt numbers result in a local heat 
transfer coefficient depending on position. In this case, the variable L in the 
expressions is replaced by y, the distance from the leading edge (or distance from the 
first contact point along the flow direction). In the Heat Transfer Coefficients library 
both types are present.
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Nu C' GrPr( )n
=

NuL
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A p p l i c a t i o n  M o d e  O v e r v i e w  
This short chapter provides an overview of the application models in the Heat 
Transfer Module.
 19
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App l i c a t i o n  Mode Ov e r v i ew

The Heat Transfer Module consists of a number of application modes that describe the 
temperature field of a non-isothermal system. These application modes treat problems 
that involve heat transfer by conduction, convection, and radiation. 

In addition to the application modes that describe the temperature field, the Heat 
Transfer Module also includes an application mode for fluid dynamics that is capable 
of modeling the velocity field of a non-isothermal fluid. With this application mode 
you can describe the convective field of a heat transfer problem.

The next chapters describe the equations and boundary conditions for the application 
modes in the Heat Transfer Module. Each chapter also presents tutorial examples that 
illustrate how to work with the equations to build and solve models with a specific 
application mode.

APPLICATION MODE

N
A

M
E

1D 2D 3D S
T

A
T

IO
N

A
R

Y

T
IM

E
-D

E
P

E
N

D
E

N
T

General Heat Transfer, Cartesian htgh √ √ √ √ √

General Heat Transfer, axisymmetry htgh √ √ √ √

Bioheat Equation, Cartesian htbh √ √ √ √

Bioheat Equation, axisymmetry htbh √ √ √

Thin Conductive Shell htsh √ √ √

Weakly Compressible Navier-Stokes, Cartesian chns √ √ √ √

Weakly Compressible Navier-Stokes, axisymmetry chns √ √ √
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 4
G e n e r a l  H e a t  T r a n s f e r
In this chapter you find a description of the General Heat Transfer application 
mode, which is the most fundamental application mode in the Heat Transfer 
Module. It covers all three types of heat transfer: conduction, convection, and 
radiation.
 21
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Th e  Gen e r a l  H ea t  T r a n s f e r  
App l i c a t i o n  Mode

General Heat Transfer is the main application mode in the Heat Transfer Module. It 
handles problems involving the three fundamental heat-transfer mechanisms: 
conduction, convection, and radiation. These mechanisms can be active in adjacent 
domains and exchange heat at a common boundary, or they can all interact in the same 
domain. The General Heat Transfer application mode also supports special modeling 
techniques for treating heat transfer in thin highly conductive layers and for keeping 
account of out-of-plane heat transfer in 2D and 1D models.

The following table shows in which spatial dimensions the various heat transfer 
mechanisms and modeling features can be put to work:

The first half of this chapter starts by treating convection and conduction together with 
material properties and other subdomain settings (see “Convection and Conduction” 

HEAT TRANSFER PROCESS 1D AXI 1D 2D AXI 2D 3D

Conduction (enabled by default) √ √ √ √ √

Convection √ √ √ √ √

Radiation (surface-to-ambient) √ √ √ √ √

Radiation (surface-to-surface) √ √ √ √

Out-of-plane heat transfer √ √

Highly conductive layer √ √ √
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on page 27). Then follows four sections dealing with boundary conditions in general 
(“Boundary Conditions” on page 43), radiation (“Radiative Heat Transfer” on page 
56), highly conductive layers (“Highly Conductive Layers” on page 67), and 
out-of-plane heat transfer (“Out-of-Plane Heat Transfer” on page 71).

The second half of the chapter contains tutorials on how to use the General Heat 
Transfer application mode. It starts with the section “Building and Solving General 
Heat Transfer Models” on page 76. The accompanying Heat Transfer Module Model 
Library also includes many examples using this application mode.

Variables and Space Dimensions

To start modeling with the General Heat Transfer application mode, go to the Model 

Navigator, open the Heat Transfer Module folder, and then select General Heat Transfer.

The General Heat Transfer application mode is available in 1D, 2D, and 3D, as well as 
for axisymmetric models using cylindrical coordinates in 1D and 2D. The dependent 
variables are the temperature, T, and the radiosity, J. The radiosity variable is necessary 
only in models involving radiative heat transfer. 

When this application mode starts, only conductive heat transfer is active. To include 
convection, you must switch it on explicitly for the subdomains where it applies. 
Because radiation is a boundary feature, you enable it when specifying boundary 
conditions.
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Application Mode Properties

Application Mode Properties are global settings that control the behavior of the 
General Heat Transfer application mode. Open the Application Mode Properties dialog 
box (Figure 4-1) by going to the Physics menu and selecting Properties.

Figure 4-1: The Application Mode Properties dialog box.

Not all properties are active in all space dimensions and for all analysis types. The 
following settings are available:

• Default element type: A list of elements, where the selected element is the default on 
all new subdomains. Available elements include

-  Lagrange - T2J1

-  Lagrange - T3J1

-  Lagrange - T4J1

-  Lagrange - Linear

-  Lagrange - Quadratic

-  Lagrange - Cubic

-  Lagrange - Quartic

-  Lagrange - Quintic

The default element is Lagrange - T2J1. The three first elements all use order 1 for the 
radiosity variable; the remaining elements use the same order for both the 
temperature and radiosity variable.

• Analysis type: Choose between Stationary and Transient formulations.
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• Out-of-plane heat transfer: Use this property to enable or disable out-of-plane heat 
transfer; by default it is disabled. This property is available in 1D Cartesian and 2D 
Cartesian coordinate systems. See “Out-of-Plane Heat Transfer” on page 71 for 
more details on out-of-plane heat transfer.

• Surface-to-surface radiation method: Available methods are Direct area integration 
and Hemicube. This setting controls the way view factors (Equation 2-14 and 
Equation 2-15) are evaluated. For more information see “View Factor Evaluation” 
on page 57.

• Radiation integration order: This property is available only for the Direct area 
integration radiation method, for which it controls the order of the quadrature rule 
that COMSOL Multiphysics applies when evaluating the surface integral.

• Radiation resolution: For the Hemicube radiation method, you can set the linear 
resolution of the z-buffer (see page 58).

• Azimuthal sectors: When evaluating surface-to-surface radiation in an axisymmetric 
geometry, the General Heat Transfer application mode must first construct a virtual 
3D geometry by rotating the 2D mesh about the model axis. The value of Azimuthal 
sectors controls the resolution of this sweep by specifying the number of sectors to 
a full revolution.

• Cache view factors: Evaluating view factors for surface-to-surface radiation is usually 
very time consuming. Therefore, saving view factors between irradiation evaluation 
calls is normally beneficial. The Auto option generally leaves the cache on. If you 
experience inexplicably long assembly times, you can force a saving of view factors 
by setting the property to Yes. By setting it to No, you can save memory at the cost 
of increased assembly overhead for the nonlinear and time-dependent solvers.

• Weak constraints: A property that controls whether or not weak constraints are 
active. Weak constraints introduce Lagrange multipliers, which provide extremely 
accurate flux quantities. In contrast, the standard way of evaluating fluxes involves 
taking derivatives on boundaries, which is mesh-dependent and less accurate. When 
weak constraints are enabled, all constraints are weak by default, but it is possible to 
change this setting for individual domains.

• Constraint type: Constraints can be ideal or non-ideal (see “Ideal vs. Non-Ideal 
Constraints” on page 301 in the COMSOL Multiphysics Modeling Guide).

Scalar Variables

The General Heat Transfer application mode requires two scalar variables: the 
Stefan-Boltzmann constant, σ, and the universal gas constant, Rg. The former applies 
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to radiative heat transfer, where it relates the radiative flux to surface temperature. The 
latter is central to the ideal gas fluid model.

To open the Application Scalar Variables dialog box (Figure 4-2), go to the Physics 
menu and choose Scalar Variables.

Figure 4-2: The Application Scalar Variables dialog box.

The default values of the constants are:

Change the default values only if you model with the Base unit system model setting 
None using non-SI units. If you use any of the other base unit systems, COMSOL 
Multiphysics converts the values in SI units for these constants to the corresponding 
values in the selected base unit system.

PROPERTY VARIABLE DESCRIPTION DEFAULT VALUE SI UNIT

σ sigma_htgh Stefan-Boltzmann constant 5.67·10-8 W/(m2·K4)

Rg Rg_htgh Universal gas constant 8.31451 J/(mol·K)
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Con v e c t i o n  and Condu c t i o n

The General Heat Transfer application mode models heat transfer by convection, 
conduction and radiation. This section describes the equation governing convection 
and conduction, its parameters and how to access them in the COMSOL Multiphysics 
user interface.

PDE Formulation

When all features are active, the General Heat Transfer application mode solves the 
following equation on subdomains:

 (4-1)

For some background, see “The Heat Equation” on page 6. In the above equation:

• δts is a time-scaling coefficient (dimensionless)

•  ρ is the density (kg/m3)

•  Cp is the specific heat capacity at constant pressure (J/(kg·K))

•  T is absolute temperature (K)

• k is the thermal conductivity (W/(m·K))

•  u is the velocity vector (m/s)

•   p is pressure (Pa)

• S is the strain rate tensor (1/s):

•  τ is the viscous stress tensor (Pa):

with viscosity η (Pa·s) and I denotes the identity tensor

•   is the contraction of the two tensors τ and S

• Q contains heat sources other than viscous heating (W/m3)
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For a steady-state problem, the temperature does not change over time and the first 
term on the left-hand side of Equation 4-1 disappears. The second term on the 
right-hand side represents convective heat transfer and is not active by default, neither 
are the third and fourth terms, which represent viscous heating and pressure work, 
respectively. These last two terms can only be switched on when convective heat 
transfer is active. 

The pressure-work term, furthermore, is only available for transient analysis of a 
compressible gas. Note also that compared to Equation 2-1, a term representing 
transport of acoustic waves has been dropped. This assumption is valid for small Mach 
numbers.

Subdomain Settings

To enter material properties for conductive heat transfer, go to the Physics menu, select 
Subdomain Settings to open the like-named dialog box, and then go to the Conduction 
page (Figure 4-3).

Figure 4-3: The Conduction page of the Subdomain Settings dialog box.
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To enable convective heat transfer and define the convection properties of the 
problem, go to the Convection page and select the Enable convective heat transfer check 
box at the top of the page (Figure 4-4).

Figure 4-4: The Convection page of the Subdomain Settings dialog box.

The subdomain quantities available on the Conduction and Convection pages are:

QUANTITY VARIABLE DESCRIPTION

δts Dts Time-scaling coefficient

ρ rho Density

Cp C Heat capacity

k k Thermal conductivity

Thermal conductivity tensor

kij kxixj Thermal conductivity tensor, xixj component

Q Q Heat source

γ gamma Ratio of specific heats

 u, v, w u, v, w x1-, x2-, x3-velocity

p p Pressure

η eta Dynamic viscosity

k
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In addition, there are controls for Opacity, Fluid type, Pressure work, and Viscous 

heating. Note that quantities visible on more than one page still represent the same 
variable. For example, if you update the density on the Convection page, it changes also 
on the Conduction page.

Time-scaling coefficient   This coefficient is normally 1, but you can change the time 
scale, for example, from seconds to minutes by setting it to 1/60.

Note: If you change the value of the time-scaling coefficient, any quantity involving 
time derivatives or explicit references to time must be reinterpreted accordingly—not 
only in the General Heat Transfer application mode, but also in any coupled physics. 
You must multiply all occurrences of time derivatives with the time-scaling 
coefficient, and convert all uses of time (as a variable) to the consistent base unit 
system in order to get consistent units in your equations and postprocessing 
expressions.

Density   The density can be a function of the temperature, and also of the pressure in 
a coupled flow simulation. When Fluid type is set to Ideal gas, the density is defined 
through the ideal gas law and the edit field is unavailable. 

Heat capacity   Cp describes the amount of heat energy required to produce a unit 
temperature change in a unit mass at constant pressure. The heat capacity is normally 
a function of temperature. For an ideal gas, you can choose to specify either Cp or the 
ratio of specific heats, γ, but not both. 

Thermal conductivity   You can enter k either as a scalar, which is appropriate for fluids 
and isotropic solids, or as a tensor describing an anisotropic material. If you have 
activated a turbulence model, k is replaced by (k + kT) where kT is the turbulent heat 
conductivity.

Heat source   Q describes heat generation within the domain. Express heating and 
cooling with positive and negative values, respectively. 

Ratio of specific heats   γ is the ratio of heat capacity at constant pressure, Cp, to heat 
capacity at constant volume, Cv. When using the ideal gas law to describe a fluid, 
specifying γ is enough to evaluate Cp. For common diatomic gases such as air, γ = 1.4 
is the standard value. Apart from its significance in the ideal gas case, the value of γ is 
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important for GLS stabilization (see “Numerical Stability—Artificial Diffusion” on 
page 183). When you select GLS stabilization, the γ field becomes enabled also for 
Fluid type settings other than Ideal gas.

Velocity   These components describe the velocity field in the subdomain. For 1D enter 
u; for 2D enter u, v; and for 3D enter u, v, w. The velocities are central to heat transfer 
by convection, but they can also generate viscous heating if the velocity field is 
nonconstant.

Pressure   The pressure, p, can be specified either if the fluid type is set to Ideal gas, or 
if the Pressure work check box has been selected. The pressure work term takes effect 
only if the pressure expression is a function of time or of at least one of the dependent 
variables in the model.

Dynamic viscosity   The dynamic viscosity η is used together with the velocity 
expressions to evaluate the viscous heating when you have selected the corresponding 
check box.

Opacity   This setting is relevant only for problems involving radiative heat transfer, 
described later in this manual.

Fluid type   The fluid type setting affects the way density is treated in the equations. The 
following options are available:

•  User defined—the density is expected to be a general function of pressure and 
density (default).

•  Ideal gas—the density is defined through the ideal gas law. Selecting this option 
activates the Ideal Gas page on which you can specify related settings.

• Gas—the same as User defined.

• Liquid—the density is a function of temperature but not of pressure.

Pressure work   This check box activates the pressure work term in Equation 4-1. It is 
available only for transient simulations using the User defined, Ideal gas or Gas fluid 
types.

Viscous heating   Select the Viscous heating check box to include the corresponding heat 
source term in Equation 4-1.
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I D E A L  G A S  S E T T I N G S

If you select Ideal gas from the Fluid type list, the corresponding page is activated.

Figure 4-5: The Ideal Gas page of the Subdomain Settings dialog box.

On the Ideal Gas page you enter data required for calculating ρ and either Cp (heat 
capacity at constant pressure) or γ (ration of specific heats). You decide which one of 
Cp and γ that is specified and which one that is calculated from the ideal gas law using 
the options buttons in front of the Cp and γ edit fields on the Convection page.

The Pressure type list has two options: Gauge and Absolute. If you select Gauge, the 
density becomes a function of p + pref. If you select Absolute, the density is a function 
of p only. Use the Pressure edit field to specify p, either as a constant or by coupling a 
momentum balance. The Reference pressure edit field can contain either a constant or 
a dual pressure variable that via an ODE keeps track of the pressure level in the domain. 
Finally, you can choose to specify either the specific gas constant, Rs, or the 
number-average molar mass, Mn. If you choose the latter, the Heat Transfer Module 
uses the molar gas constant Rg = 8.314 J/(mol·K) by default.
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Loading Material Properties from the Library

For most application modes in COMSOL Multiphysics, you can load a material and its 
accompanying properties directly from within the Subdomain Settings dialog window; 
simply click the Load button as indicated in Figure 4-6.

Figure 4-6: The Load button associated with library materials in the Subdomain Settings 
dialog box.
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This action opens the Materials/Coefficients Library dialog box (see Figure 4-7). From 
there you can select a material to load.

Figure 4-7: The Materials/Coefficients Library dialog box.

The Materials list on the left side contains the installed library folders plus a model 
folder that contains already-selected materials and coefficients. To load a material into 
the Model folder, select it from the Materials list and click Apply or OK; it now appears 
in the Model folder, which shows all the materials available for the model.

After clicking OK, the Materials/Coefficients Library dialog box closes and you return to 
the Subdomain Settings dialog box. Now the software has loaded the selected material 
properties into the corresponding edit fields of that dialog box. The edit fields that 
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contain data taken from the materials library you just selected appear in bold (see 
Figure 4-8).

Figure 4-8: The Subdomain Settings dialog box after loading aluminum from the 
material library. Boldface characters indicate that the library material is active.

The Material Libraries

As noted earlier, the Materials list in the Materials/Coefficients Library dialog box 
contains multiple expandable folders. The list includes Model, Basic Material Properties, 
and additional libraries depending on the modules that your license includes.

Also, if your license includes the COMSOL Material Library, this also appears as a 
separate folder in the Materials list.

Note: The COMSOL Material Library is a separate add-on product that includes 
over 2500 materials and about 20,000 properties, most of which are 
temperature-dependent functions.
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The Liquids and Gases Library and Material Property Functions

In many cases of modeling the material properties varies with the dependent variables 
describing the state (temperature, pressure, concentration, potential, stress, and so 
on). COMSOL Multiphysics is capable of describing material properties as functions 
of the dependent variables. The following discussion exemplifies use and access a 
library with material property functions (in this case Liquids and Gases), and also how 
to edit it and create your own material property functions.

The Liquids and Gases material library contains thermal and fluid dynamic properties 
for a set of common fluids. The properties are described as temperature-dependent 
functions. These functions are based on data collected from scientific publications. If 
you click the Load button in the Subdomain Settings dialog box of any application mode 
and select to expand Liquids and Gases you can choose from various fluids, both liquids 
or gases (as depicted in Figure 4-9).Their properties are described at atmospheric 
pressure conditions.

Using Material Property Functions

In many modeling situations, the material properties vary with the dependent variables 
describing the state (temperature, pressure, concentration, potential, stress, and so 
on). In COMSOL Multiphysics you can describe material properties as functions of 
the dependent variables. The following discussion exemplifies how to use a library with 
material property functions (in this case Liquids and Gases), and also how to edit it and 
create your own material property functions.

The Liquids and Gases material library contains thermal and fluid-dynamic properties 
for a set of common fluids. All properties are given as functions of temperature and at 
atmospheric pressure, except the density, which for gases is also a function of the local 
pressure.The functions are based on data collected from scientific publications. 

Note: The data-fitted functions expect temperature and pressure arguments to be 
expressed in the SI units kelvin  (K) and pascal (Pa), respectively, and return values in 
appropriate SI units. Unit expressions are automatically inserted to handle the 
conversions to and from the model’s base unit system. 
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If you click the Load button in the Subdomain Settings dialog box of any application 
mode and select to expand Liquids and Gases you can choose from various fluids, both 
liquids and gases (see Figure 4-9).

Figure 4-9: The Materials/Coefficients Library dialog box, with Liquids and Gases 
expanded.
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If you load a material that uses a function such as those in the Liquids and Gases library, 
the Subdomain Settings dialog box looks like Figure 4-10, with function calls in the edit 
fields for the material properties.

Figure 4-10: The Subdomain Settings dialog box after loading a material that uses 
function calls, for example, the materials from the fluid library.

In this example, the software specifies the material property for density with the 
function call

rho(p[1/Pa],T[1/K])[kg/m^3]

which is a function call to the material loaded, in this case Air. The function uses two 
inputs: pressure, p, and temperature, T. The default settings are based on the 
assumption that the temperature variable in the model is T and that there is a pressure 
variable named p. Being dependent variables, these are expressed in the model’s 
selected base unit system. The unit expressions inside the function calls convert the 
values from the model’s unit system to nondimensional numbers corresponding to SI 
units, while the expression between the last brackets makes sure the returned SI value 
is interpreted correctly in the model’s unit system.

In many cases you must change these function inputs. For example, if you model only 
heat transfer, there is no variable for pressure. In that case you must either specify the 
pressure directly in the function input or set up a constant or expression for the variable 
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p. This constant or expression variable must have the dimension of pressure, which you 
achieve by adding a pressure unit to the expression, such as 135[kPa].

It is easy to alter the function input values and variables: simply click inside the 
parentheses delimiting the function argument and replace the default symbol with the 
desired value or variable. In the following figure you can see such a modification where 
a numerical value replaces the pressure variable. 

Figure 4-11: Modifying the function inputs.Notice how the unit syntax can convert 
argument values from any pressure unit to pascal.

In this case the function output is the density for air at the specified pressure and at the 
temperature given by the variable T.

Note: If you override one property defined by a library material by changing 
anything outside the function arguments, all other property expressions loose their 
connection to the material library. In particular, material functions appearing in other 
edit fields (now in plain text instead of in bold face) stop working. The proper way to 
edit one property of a loaded material is to change the material functions, as described 
later in this section, rather than editing the edit field in the Subdomain Settings dialog 
box.
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U S I N G  M A T E R I A L  P R O P E R T Y  F U N C T I O N  C A L L S  O U T S I D E  T H E  

S U B D O M A I N  S E T T I N G S

You can also use a library material property function in a model in places other than 
the Subdomain Settings dialog box. One example might be to combine several 
properties in an expression in the Scalar Expressions dialog box. To do so, you must first 
load the library material into the model using the Materials/Coefficients Library dialog 
box. This dialog box opens either, as described above, from the Subdomain Settings 
dialog box (then in read only mode), or directly from the Options menu. The currently 
loaded materials and their assigned names are listed in the Model folder in the Materials 
tree. (Figure 4-12).

Figure 4-12: Viewing the materials loaded into a model along with their names in 
COMSOL Multiphysics.

In the above figure, two materials are already loaded into the model. COMSOL 
Multiphysics allocates local material names on the form matX, where X is a running 
number assigned in the order in which materials were loaded into the model. In this 
case, the user loaded Aluminum first, so it takes the name mat1.

To use a particular material-property function, you can start by copying the syntax 
shown in the Value/Expression column in the Materials/Coefficients Library dialog box. 
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Then you must add matX_ in front of the function call. Thus, referring to Figure 4-12, 
to evaluate the function for thermal conductivity of air at 350 K, the syntax is

mat2_k(350)[W/m*K]

Editing Material Properties

To change a property of a loaded material, choose Materials/Coefficients Library from 
the Options menu. This opens the dialog box in edit mode. Then select the desired 
material in the Materials list, click the Value/Expression field of interest, and change the 
expression as depicted in Figure 4-13. In this example the user is adding k_turb to 
the original function for thermal conductivity, where k_turb is a variable that must be 
defined elsewhere in the model.

Figure 4-13: Editing a material property.

If you want to edit the function describing some material property, click the Functions 

button. This opens the Functions dialog box, where you can view and edit any function 
describing the material.

After changing a material property in this way, you need to reload all subdomain 
settings that use the material; otherwise the function call will not work. To reload the 
material, simply go to Physics>Subdomain Settings and select the modified material 
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from the Library material list. The new expression then shows up in the edit field for 
the corresponding material property in the Subdomain Settings dialog box (see 
Figure 4-14).

Figure 4-14: The update of a material property expression in the Subdomain Settings 
dialog box.

Note that you can only edit materials currently in the Model folder in this way and that 
any changes are local to the current model. The original material in the library file 
remains intact. Within the Materials/Coefficients Library dialog box you can, however, 
change a material’s name and then Copy and Paste it into one of the other libraries. 
Afterwards, clicking OK saves the new material for future use in the corresponding 
library text file. 

COMSOL Multiphysics also allows you to set up new materials by creating a new 
library file, as well as change the existing files using any text editor. A detailed 
description of this process appears in the COMSOL Multiphysics User’s Guide, where 
you also find complete documentation on the functionality of the Materials/
Coefficients Library.
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Bounda r y  Cond i t i o n s

This section describes the overall structure of the boundary conditions you can apply 
on a General Heat Transfer model. The important contributions from radiation and 
highly conductive layers are discussed separately in following sections.

Overview and Equations

The General Heat Transfer application mode supports boundary conditions of two 
fundamental types—the Dirichlet condition 

and the heat-flux (or Neumann) condition

 (4-2)

where

•  is the total heat flux vector (W/m2). 

• n is the normal vector of the boundary, pointing out from the domain.

• q0 is inward heat flux (W/m2), normal to the boundary, from external sources.

• qr is net influx from radiation (W/m2).

• qs represents energy transferred from other parts of the boundary through a thin, 
highly conductive shell (W/m2).

• h is a heat transfer coefficient (W/(m2·K).

• Tinf is a reference bulk temperature (K).

Note that Equation 4-2 is not the whole truth in the presence of a Dirichlet condition. 
If you specify the temperature on a boundary, an additional term, µ, known as a 
Lagrange multiplier appears on the right-hand side. This term represents the “reaction 
force” necessary to impose the constraint on the temperature, but is not directly visible 
in the equation.

I N T E R I O R  B O U N D A R I E S  A N D  C O N T I N U I T Y

An interior boundary is a boundary between two subdomains where heat transfer is 
active, as opposed to an external geometry boundary or a boundary where the General 

T T0=    on Ω∂

n– q⋅ q0 qr qs h Tinf T–( )+ + +=    on Ω∂

q k T∇– ρCpuT+=
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Heat Transfer application mode is active on one side only. You can specify the 
temperature using the same type of Dirichlet condition on both exterior and interior 
boundaries. Equation 4-2, on the other hand, transforms into a heat flux discontinuity 
condition on interior boundaries:

or equivalently 

 (4-3)

since the normals on the up and down side of the boundary, nup and ndown, differ only 
by a sign. The right-hand side represents a flux discontinuity, or equivalently, a heat 
source or heat sink depending on sign. The temperature is always continuous due to 
the continuity of the finite element field. If the right-hand side is zero, Equation 4-3 
specifies continuity also in the normal heat flux. This is the default boundary condition 
on interior boundaries.

B O U N D A R Y  C O N D I T I O N S  O N  P A I R S

A boundary pair can be created where parts in an assembly are in contact with each 
other, either permanently through an identity pair or as a result of structural 
deformations constrained by a contact pair. Usually, a pair of boundaries connected in 
this way behaves like a single interior boundary, and the same boundary conditions can 
be applied. The default setting specifies continuity in both temperature and normal 
heat flux across the pair, just like on any interior boundary. Alternately, a fixed 
temperature can be specified, as well as a heat source or sink according to 
Equation 4-3.

All pair boundary conditions borrowed from interior boundaries require the 
temperature to be continuous across the pair. There are, however, other possibilities. 
The General Heat Transfer application mode includes a condition which models the 
behavior of a thin thermally resistive layer. Assuming that the layer is thin and 
tangential heat flux in the layer negligible, the jump in temperature across the 
boundary becomes proportional to the normal heat flux. You can express this as two 
separate but symmetric heat flux boundary conditions:

nup– qup⋅ ndown qdown⋅– q0 qr qs h Tinf T–( )+ + +=    on Ω∂

nup– qup qdown–( )⋅ q0 qr qs h Tinf T–( )+ + +=    on Ω∂
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 (4-4)

where kres is the thermal conductivity (W/(m·K)) and dres the thickness (m) of the 
thin thermally resistive layer. The two boundaries together making up the pair are here 
referred to as up and down. In other contexts, source and destination or master and 
slave are more common as labels. This particular boundary condition is, however, 
symmetric with respect to the two sides.

Boundary Settings

To specify boundary conditions, go to the Physics menu, select Boundary Settings to 
open the dialog box shown in Figure 4-15.

Figure 4-15: The Boundary Condition page in the Boundary Settings dialog box.

B O U N D A R Y  C O N D I T I O N  TY P E S

Select boundary condition type from the Boundary condition list on the Boundary 

Condition page. This setting controls what other parameters are available. The available 
boundary condition types are: 

ndown– k– ∇T( )down⋅
kres
dres
--------- Tup Tdown–( )=    on Ωdown∂

nup– k– ∇T( )up⋅
kres
dres
--------- Tdown Tup–( )=    on Ωup∂
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Heat Flux
Selecting the Heat flux boundary condition gives you access to all terms in 
Equation 4-2. The contributions from radiation and highly conductive layers are not 
enabled by default and must be switched on to take effect. These terms are treated 
separately below, see “Radiative Heat Transfer” on page 56 and “Highly Conductive 
Layers” on page 67. 

The default form of the Heat flux boundary condition is

For a model without convection, the total heat flux  reduces to 
just conductive flux  since the velocity, u, is zero. 

The first term, q0, is a general heat flux entering the domain. It can model, for 
example, a heat source on the boundary, such as an electrical heating element, or a 
known inflow of energy, such as radiation with known intensity. Note that q0 can be a 
function of the temperature T and of other dependent variables.

In principle, you can enter the second term, h(Tinf − T) directly into q0, but boundary 
conditions of this form are so common that the application mode supports them 
explicitly. They arise in at least three different situations:

• A solid exchanges energy with the surrounding environment through convective 
heat transfer, where h is the heat transfer coefficient, and Tinf is the external bulk 
temperature. The value of h depends on the geometry and the ambient flow 
conditions. See “Convective Cooling/Heating and Heat Transfer Coefficients” on 
page 15 for an introduction to the theory and “Using h Coefficients in the Heat 
Transfer Module” on page 49 for instructions on using the Heat Transfer 
Coefficient Library included with the Heat Transfer Module.

• The boundary is covered by a thin layer of a thermally insulating material and the 
temperature on the outside of this layer is known. If the thermal conductivity, k, of 
the layer is considerably lower than the thermal conductivity of the bulk material, a 
layer of thickness d corresponds to a heat transfer coefficient h = k/d.

• The solid boundary under consideration is in contact with another solid with known 
temperature Tinf, but the contact is not perfect and therefore acts as a resistive layer. 
The corresponding heat transfer coefficient is difficult to estimate but can be 
entered if it is empirically known.

n– q⋅ q0 h Tinf T–( )+=    on Ω∂

q k T∇– ρCpuT+=

q k T∇–=
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Thermal Insulation
Thermal insulation is a special case of the above Heat flux condition where all heat 
transfer mechanisms across the boundary have been disabled such that −n · q = 0. This 
usually means that there is no temperature gradient across the boundary, and no mass 
flow in the normal direction. In addition, the boundary does not take part in radiative 
heat transfer. 

In a typical model, you apply the Thermal insulation boundary condition to 
boundaries which do not exchange energy with the surroundings, either because they 
are thermally well insulated, or because they lie on a symmetry plane which has been 
introduced to reduce model size.

Convective Flux
The Convective flux boundary condition is also a special case of the general Heat flux 
condition, where −n · q = −ρ Cp u T. In a model with convective heat transfer, this 
condition states that the only heat transfer over a boundary is by convection. The 
temperature gradient in the normal direction is zero and there is no radiation. This is 
usually a good approximation of the conditions at an outlet boundary in a heat transfer 
model with flow.

Note that convective flux must only be applied to outflow boundaries, because the 
temperature must be known on the upstream side of the boundary. Using it on an 
inflow boundary causes the problem to become ill-posed. Note also that for a model 
with only conductive heat transfer, Convective flow and Thermal insulation are 
identical conditions.

Temperature
This boundary condition prescribes the temperature T0 at a boundary. The finite 
element algorithm returns a solution in which the condition is either true at each node 
point or in an integral sense, depending on the Weak constraints setting in the 
Application Mode Properties dialog box. Using weak constraints allows you to 
postprocess the heat flux over a boundary with a fixed temperature much more 
accurately. See “Using Weak Constraints” on page 300 in the COMSOL Multiphysics 
Modeling Guide.

The Temperature boundary condition is compatible with radiative heat transfer where 
it can act as a radiation source but also reflect incoming radiation. Because the 
temperature is given explicitly, the amount of radiation that enters or leaves the 
boundary does not affect the conditions at the boundary itself. It can, however, 
irradiate other boundaries. Therefore, a Temperature boundary can be used as a 
fixed-temperature radiation source. See further “Radiative Heat Transfer” on page 56.
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Axial Symmetry (Axisymmetric Models Only)
The axial symmetry condition is available only for axisymmetric versions of the heat 
transfer application modes. Apply this boundary condition at the symmetry axis r = 0. 
Note that from the mathematical point of view, this condition is identical to thermal 
insulation.

Heat Source/Sink
The Heat source/sink boundary condition is the interior-boundary counterpart of the 
Heat flux boundary condition discussed above. On interior boundaries, you cannot 
specify the actual heat flux but only the flux difference between the up and down sides 
of the boundary, as shown in Equation 4-3. If this difference has positive sign, it acts 
as a heat source embedded in the boundary, otherwise as a heat sink.

Radiation and a highly conductive layer can contribute to the boundary condition but 
are disabled by default. Those terms are discussed in separate sections later in this 
chapter. The remaining condition is

where q0 represents a general heat source, for example, an embedded electrical heater. 
The second term, h(Tinf − T), models heat exchanged with a fluid flowing in a 
network of thin channels embedded in the boundary. An appropriate value for h can, 
for example, be found from a local analysis of a unit cell.

This boundary condition is available on interior boundaries and assembly pairs only.

Continuity
The default setting for interior boundaries is Continuity, which is a special case of the 
above Heat source/sink condition. In the absence of sources or sinks, that condition 
becomes −nup · ( qup − qdown ) = 0. This means that the heat flux in the normal 
direction is continuous across the boundary. 

The temperature is naturally continuous on an internal boundary following the 
continuity of the finite element field. Therefore, the Continuity boundary condition is 
identical to the condition that applies between any two neighboring elements in the 
mesh. In fact, as long as you have not selected Enable interior boundaries in the 
Boundary Settings dialog box, the interior boundaries are not in any way different from 
any other mesh element boundaries, where the Continuity condition effectively 
applies.

This boundary condition is available on interior boundaries and assembly pairs only.

nup– qup qdown–( )⋅ q0 h Tinf T–( )+=    on Ω∂
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Thin Thermally Resistive Layer
On pairs, you can apply the Temperature, Continuity and Heat source/sink boundary 
conditions in the same way as on any interior boundary. In addition, you can model 
the jump in temperature caused by a thin layer of a thermally insulating material 
inserted between the pair boundaries. The Thin thermally resistive layer boundary 
condition implements Equation 4-4 on the parts of the boundaries where the two sides 
are in contact with each other.

This boundary condition is available on assembly pairs only.

B O U N D A R Y  P R O P E R T I E S

Depending on the selected boundary condition type, some of the following boundary 
properties are available: 

The remaining quantities on the boundary condition page are grayed-out as long as 
the Radiation type is set to None. A discussion of the settings for radiative heat transfer 
appears in the section “Radiative Heat Transfer” on page 56. If you enable the highly 
conductive layer feature, additional properties become available on the Highly 

Conductive Layer page. These are described in detail in the section “Highly Conductive 
Layers” on page 67.

Using h Coefficients in the Heat Transfer Module

The Heat Transfer Module includes a library of predefined heat transfer coefficients 
for common flow situations. For a background, discussing why these are necessary and 
how they are estimated, see “Convective Cooling/Heating and Heat Transfer 
Coefficients” on page 15. The Heat Transfer Coefficients library is technically a 
material library similar to, for example, the Liquids and Gases library also included in 
the product. See “Loading Material Properties from the Library” on page 33 for a 
general introduction to using and editing material properties and defining functions. 

QUANTITY VARIABLE DESCRIPTION

 q0 q Inward heat flux

 h h Convective heat transfer coefficient

 Tinf Tinf External (bulk) temperature

 T0 T0 Prescribed temperature

kres kres Layer thermal conductivity

dres dres Layer thickness
B O U N D A R Y  C O N D I T I O N S  |  49



50 |  C H A P T E R
To access the library, open the Physics>Boundary Settings dialog box and click the Load 
button (see Figure 4-16). Select to expand Heat Transfer Coefficients in the Materials 
tree and select the correlation best describing your convection conditions.

Figure 4-16: The Boundary Settings dialog box with a heat transfer coefficient loaded 
from the materials/coefficients library. 

Once you have chosen the appropriate h coefficient correlation (convection condition) 
from the library list, the software updates the edit field for h with the appropriate 
library function call. The following step-by-step describes the necessary settings and 
details on using this feature.

Follow these steps to use an h coefficient in a model:

1 Open the menu item Physics>Boundary Settings.

2 Select the appropriate boundaries. then select the Heat flux condition.

3 Specify the External temperature (the bulk temperature of the coolant) by entering 
a value in the Tinf edit field.

4 Click the Load button.
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5 Select Heat Transfer Coefficients, which is the h coefficient library. From the list of h 
coefficient correlations, select the appropriate convection condition you want to 
model (Figure 4-17), then click OK.

Figure 4-17: The materials/coefficients library for heat transfer coefficients.

A function call now appears in the edit field for h. Figure 4-18 shows a typical function 
call. 

Figure 4-18: The default function call for an h coefficient loaded from the library (figure 
shows part of dialog box only).

The default function call generates a solution without any attention, but to get the 
proper results it is important to set up the correct inputs for the call, the most 
important being the length scale,  L, of the convection problem.
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6 Edit the function arguments within the brackets by clicking the edit field for h and 
entering your own values or variables.

The parameter L_htgh defines the Convection length scale. The dimension for this 
parameter appears in the Library coefficient list next to the Load button. In some 
cases there are two length scales. The default parameter, L_htgh, has the value 1 m.

If modeling forced convection, you must also replace the default parameter for the 
Convection fluid velocity, U_htgh, with the actual velocity in your case. The default 
has the value 1 m/s.

If modeling external forced convection, use the parameter s_htgh to define the 
Convection local coordinate. Its default value is 1 m in 1D, s m in 2D/
2D-axisymmetry, and  m in 3D. As with the previous parameters, you must 
replace this one with the value that applies to your problem.

The default settings assume that the temperature variable is T and that the 
application mode name is htgh (all default settings for the General Heat Transfer 
application mode). This requires changes only if the application mode name differs 
from htgh.

7 To finish the process, click OK. This closes the Boundary Settings dialog box.

D E T A I L S  A B O U T  T H E  H E A T  TR A N S F E R  C O E F F I C I E N T S  L I B R A R Y

The Heat Transfer Coefficients library is a part of the Materials/Coefficients Library 
dialog box in COMSOL Multiphysics, which you open from the Options menu (and in 
read-only mode from by clicking Load in the Boundary Settings dialog box). It contains 
h coefficient functions for the most common geometrical situations. At this time the 
library is limited to air, the most common cooling fluid.

The library covers all categories of convection (see Figure 2-3 on page 16). COMSOL 
Multiphysics smoothly switches between library expressions when the flow turns from 
laminar to turbulent. This means that COMSOL Multiphysics reduces the original 
eight categories down to four:

• External natural convection

• Internal natural convection

• External forced convection

• Internal forced convection

Once you have selected the appropriate coefficient correlation from the list, the 
software sets up the h coefficient edit field of the Boundary Conditions dialog box with 
the necessary library function call. The function uses the following input arguments: 

s1
2 s2

2
+
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the surface temperature, T (K); the bulk temperature of the coolant, Tinf (K); the 
length scale, L (m); and for forced convection also the bulk coolant velocity, U (m/s). 
In some cases there are two length scales. The software uses these parameters to 
calculate the h coefficient during the problem solution. The library functions also 
return the appropriate Jacobian used in the solution process.

If you want to use the h coefficient functions in some other way in a model, you can 
call them with a normal function call that has new function arguments. To make this 
work properly, you must first load the library coefficient. For example, to call the 
library function depicted in Figure 4-18, use the format

mat1_h_ave(arg1,arg2,arg3)

where arg1, arg2, and arg3 are the input arguments for T, Tinf, and L, respectively. 
The first part of the function name, mat1_, refers to the loaded coefficient number. 
You can find this name under the Model node of the Materials/Coefficients Library dialog 
box.

If you want to specify the coefficient yourself based on an arbitrary Nusselt correlation, 
you can use Scalar Expressions or Functions to specify the relationship and then directly 
input it into the h edit field in the Boundary Settings dialog box. Another possibility is 
to create you own library coefficient to be used in your future modeling. This is better 
described in the Materials/Coefficients Library section in the COMSOL Multiphysics 
User’s Guide.

Heat Transfer Coefficients Library Expressions

The following list gives the Heat Transfer Coefficients library expressions presently 
implemented in the Heat Transfer Module; it contains the original expressions as 
described in the given references. In COMSOL Multiphysics you specify the material 
properties as polynomials or other functions of temperature, fitted to the material data 
according to the fluid materials library in the Heat Transfer Module. In addition, some 
dimensionless numbers are also represented in the library functions as fitted functions 
of the temperature, as specified in the table.
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REF.

Ref. 1 
eq. 9.92

Ref. 1 
eq. 9.92

Ref. 1 
eq. 9.92

Ref. 1 
eq. 9.92

Ref. 1 
eq. 9.92

Ref. 2 
eq. 7.96

Ref. 2 
eq. 7.96

Ref. 2 
eq. 5.83

Ref. 2 
eq. 5.134

Ref. 2 
eq. 5.79

Ref. 2 
eq. 5.131

Ref. 2 
table 6.2

Ref. 2 
eq. 6.90

)

M A T E R I A L :  A I R ,  1  A T M O S P H E R E

* Turbulent flow was never observed.

In this table,  and .

TABLE 4-1:  HEAT TRANSFER COEFFICIENTS LIBRARY EXPRESSIONS

TYPE GEOMETRY FLOW h-Expression

Natural 
external

vertical wall laminar

vertical wall turbulent 
(RaL>109)

horizontal 
surface, upside

laminar

horizontal 
surface, upside

turbulent 
(RaL>109)

horizontal 
surface, 
downside

laminar*

Natural internal chimney flow, 
parallel plates

laminar/
turbulent

chimney flow, 
tube

laminar/
turbulent

Forced external plate laminar

plate turbulent 
( )

plate laminar

plate turbulent 
( )

Forced internal isothermal 
tube

laminar

isothermal 
tube

turbulent 
(ReD>2300)

have 0.56Flam
∆T
L

--------⎝ ⎠
⎛ ⎞ 0.25

=

have 0.12Fturb∆T0.33
=

have 0.54Flam
∆T
L

--------⎝ ⎠
⎛ ⎞ 0.25

=

have 0.14Fturb∆T0.33
=

have 0.25Flam
∆T
L

--------⎝ ⎠
⎛ ⎞ 0.25

=

have
kRa
192L
--------------=

have
kRa
128L
--------------=

have
k
L
----⎝ ⎠
⎛ ⎞ 0.928Pr0.33Re0.5

1 0.0207
Pr

------------------⎝ ⎠
⎛ ⎞+

0.67

⎝ ⎠
⎛ ⎞ 0.25
---------------------------------------------------------=

ReL 5·105≥ have
k
L
----⎝ ⎠
⎛ ⎞ 0.037Pr0.33Re0.8 23550–(=

hloc
k
L
----⎝ ⎠
⎛ ⎞0.332Pr0.33Re0.5

=

Rey 5·105≥ hloc
k
L
----⎝ ⎠
⎛ ⎞0.0296Pr0.33Re0.8

=

have
3.66k

L
---------------=

have
k
L
----⎝ ⎠
⎛ ⎞ 0.023Pr0.33Re0.8

=

Flam k Ra

L3∆T
---------------⎝ ⎠
⎛ ⎞ 1 4⁄

= Fturb
k
L
---- Ra

∆T
--------⎝ ⎠
⎛ ⎞ 1 3⁄

=
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For Flam, Fturb, Ra, and Pr, the table uses function fits based on the material 
properties at 1 atmosphere. For the material Air these are

where log represents log10, and L refers to the length scale value in meters and T to 
the temperature value in kelvin.

References

1. Coulson and Richardson, Chemical Engineering, vol. 1, 4th ed., Pergamon Press, 
1990.

2. Bejan, Heat Transfer, Wiley, 1993.

Flam 6.3126 1.4322– Tlog=

Fturb 121.9 69.518 T 10.255 Tlog( )2
+log–=

Ra ∆T L310 19.058 4.4449 Tlog–( )
=

Pr 2.8469 1.3494 Tlog– 0.1949 Tlog( )2
+=
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Rad i a t i v e  He a t  T r a n s f e r

The General Heat Transfer application mode can account for heat transfer by radiation, 
in addition to convection and conduction. Radiation is treated as a process that 
transfers energy directly between boundaries, and which therefore contributes to the 
boundary conditions rather than to the heat equation itself. This section describes the 
additional boundary equation for the radiation balance, the available view factor 
evaluation methods and the boundary properties and settings associated with 
radiation. 

You can read a more detailed explanation and background to the radiation equations 
under “Radiative Heat Transfer” on page 10 in the chapter on heat transfer theory. 

Note: In the General Heat Transfer application mode COMSOL Multiphysics works 
under the assumption that the media in subdomains does not participate in the 
radiation process. Note also that you must work with absolute (thermodynamical) 
temperature units. See “Using Units” on page 183 in the COMSOL Multiphysics 
User’s Guide.

The Radiosity Method

The radiation interacts with convective and conductive heat transfer through the 
source term qr in the Heat flux and Heat source/sink boundary conditions, 
Equation 4-2 and Equation 4-3. By definition, this source must be the difference 
between incident radiation and radiation leaving the surface. According to 
Equation 2-10 it is given by 

  (4-5)

where 

•  ε is the surface emissivity, a dimensionless number in the range . 

•  G is the incoming radiative heat flux, or irradiation (W/m2)

•  σ is the Stefan-Boltzmann constant by default equal to 5.67·10-8 W/(m2·T4).

The irradiation, G, at a point can in general be written as a sum according to 
Equation 2-13:

qr ε G σ T4
–( )=

0 ε 1≤≤
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where 

• Gm is the mutual irradiation, coming from other boundaries in the model (W/m2).

• Famb is an ambient view factor whose value is equal to the fraction of the field of 
view that is not covered by other boundaries. Therefore, by definition, 

 must hold at all points.

• Tamb is the assumed far-away temperature in the directions included in Famb.

The Heat Transfer Module allows two different settings: surface-to-ambient 
radiation and surface-to-surface radiation:

• Surface-to-ambient radiation is appropriate for convex exterior surfaces and assumes 
from the outset that Gm = 0 and Famb = 1. Inserting this into Equation 4-5, the 
total radiative heat flux simplifies to

 (4-6)

• Surface-to-surface radiation, on the other hand, requires accurate evaluation of the 
mutual irradiation, Gm. The incident radiation at one point on the boundary is a 
function of the exiting radiation, or radiosity, J (W/m2), at every other point in 
view. The radiosity, in turn, is a function of Gm, which leads to an implicit radiation 
balance. According to Equation 2-20:

 (4-7)

The General Heat Transfer application mode treats J as an additional dependent 
variable. When you enable surface-to-surface radiation on a boundary, you also 
introduce shape functions for J and add the above equation to be solved together with 
the heat equation, Equation 4-1.

View Factor Evaluation

The strategy for evaluating view factors is central to any radiation simulation. Loosely 
speaking, a view factor is a measure of how much influence the radiosity at a given part 
of the boundary has on the irradiation at some other part. 

The quantities Gm and Famb in Equation 4-7 are not strictly view factors in the 
traditional sense. Famb is the view factor of the ambient portion of the field of view, 
which is considered to be a single boundary with constant radiosity

G Gm FambσTamb
4

+=

0 Famb 1≤ ≤

qr εσ Tamb
4 T4

–( )=

J 1 ε–( ) Gm J( ) Famb σ Tamb
4

+{ } ε σ T4
+=
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Gm, on the other hand, is the integral over all visible points of a differential view factor 
times the radiosity of the corresponding source point (see “Surface-to-Surface 
Radiation” on page 12). In the discrete model, you can think of it as a product of a 
view factor matrix and a radiosity vector. This is, however, not necessarily the way the 
calculation is performed. 

A separate evaluation is performed for each unique point where Gm or Famb is 
requested, typically for each quadrature point during solution. Differential view factors 
are normally computed only once, the first time they are needed, and then stored in 
memory until next time the model definition or the mesh is changed. This behavior is 
usually desirable but can be turned off using the Cache view factors setting in the 
Application Mode Properties dialog box.

The Heat Transfer Module supports two different surface-to-surface radiation 
methods, which can be selected in the Application Mode Properties dialog box:

Direct area integration:   COMSOL Multiphysics evaluates the integrals in 
Equation 2-14 and Equation 2-15 directly, without considering which face elements 
are obstructed by others. This means that shadowing effects, that is, surface elements 
being obstructed in non-convex cases, are not taken into account. Elements facing 
away from each other are, however, excluded from the integrals.

Direct area integration is fast and accurate for simple geometries with no shadowing, 
or where the shadowing can be handled by manually assigning boundaries to different 
groups (see “Grouping Boundaries” on page 63). Note that if shadowing is ignored, 
global energy will not be conserved. You can control the accuracy by specifying an 
integration order. Sharp angles and small gaps between surfaces may require a higher 
integration order for accuracy, but also more time to evaluate the irradiation. 

Hemicube:    The more sophisticated and general hemicube method uses a z-buffered 
projection on the sides of a hemicube (with generalizations to 2D and 1D) to account 
for shadowing effects. You can think of the method as rendering digital images of the 
geometry in five different directions (in 3D—in 2D only three directions are needed), 
and counting the pixels in each mesh element to evaluate its view factor. 

Hemicube is the default method in the General Heat Transfer application mode. You 
can influence its accuracy by setting the resolution of the virtual snapshots. The 
number of z-buffer pixels on each side of the 3D hemicube equals the specified 
resolution squared. Thus the time required to evaluate the irradiation increases 

Jamb σTamb
4

=
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quadratically with resolution. In 2D, the number of z-buffer pixels is proportional to 
the resolution property, and thus the time is, as well.

Note: View factors are always calculated directly from the mesh which is a polygonal, 
flat-faceted representation of the geometry. To improve the accuracy of the radiative 
heat transfer simulation, you must therefore refine the mesh, rather than raise the 
element order.

R A D I A T I O N  I N  A X I S Y M M E T R I C  G E O M E T R I E S

For an axisymmetric geometry, Gm and Famb must be evaluated in a corresponding 
3D geometry obtained by revolving the 2D boundaries about the axis. COMSOL 
Multiphysics creates this virtual 3D geometry by revolving the 2D boundary mesh into 
a 3D mesh. You control the resolution in the azimuthal direction by setting the 
number of azimuthal sectors, which is the same as the number of elements to a full 
revolution. Try to balance this number, accessible from the Application Mode Properties 
dialog box, against the mesh resolution in the rz-plane.

You can select between the hemicube and the direct area integration methods also in 
axial symmetry. Their settings work the same way as in 3D. Note that while Gm and 
Famb are in fact evaluated in a full 3D, the number of points where they are requested 
is limited to the quadrature points on the boundary of a 2D geometry. The savings 
compared to a full 3D simulation are therefore substantial despite the full 3D view 
factor code being used.
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Boundary Settings

To enable radiative heat transfer, go to the Physics menu and select Boundary Settings. 
In the resulting dialog box go to the Boundary Condition page (Figure 4-19).

Figure 4-19: The Boundary Condition page in the Boundary Settings dialog box.

The following Boundary condition types (see “Boundary Condition Types” on page 45) 
are compatible with radiation:

•  Heat flux

•  Heat source/sink

•  Temperature

After selecting one of the above boundary conditions, you can enable radiation by 
setting Radiation type to either Surface-to-ambient or Surface-to-surface. This enables 
edit fields for the following radiation properties: 

QUANTITY VARIABLE DESCRIPTION

 ε epsilon Surface emissivity

 Tamb Tamb Ambient temperature

 J0 J0 Surface radiosity expression

 Member of group(s) - -
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Surface emissivity:    The surface emissivity is a property of the material surface which 
depends both on the material itself and the structure of the surface. Set ε to a number 
between 0 and 1, where 0 represents diffuse mirror and 1 is appropriate for a perfect 
black body. The proper value for a physical material lies somewhere in-between and can 
be found from tables or measurements.§

Ambient temperature:    Set Tamb to the far-away temperature in directions where no 
other boundaries obstruct the view. Inside a closed cavity, the ambient view factor, 
Famb, is theoretically zero and the value of Tamb therefore should not matter. It is, 
however, good practice to set Tamb to T in such cases since that minimizes errors 
introduced by the finite resolution of the view factor evaluation.

Surface radiosity expression:   The surface radiosity expression J0 specifies how the 
radiosity of a boundary is evaluated when that boundary is visible in the calculation of 
the irradiation onto another boundary in the model. 

Note that J0 does not directly affect the boundary condition on the boundary where it 
is specified, but rather how that boundary affects others through radiation. Therefore, 
a boundary can be specified as accepting only surface-to-ambient radiation but still 
give a contribution to surface-to-surface radiation on other boundaries.

Member of group(s):    The Member of group(s) field lets you specify roughly which 
boundaries are visible to each other. This can speed up the radiation calculations in 
many cases. Read more under “Grouping Boundaries” on page 63.

B O U N D A R Y  C O N D I T I O N — R A D I A T I O N  TY P E  C O M B I N A T I O N S

The combined selection of Boundary condition and Radiation type affects the definition 
of the radiative heat flux qr in Equation 4-2 and the default values of J0 and Member of 

groups. In addition, selecting Surface-to-surface radiation enables Equation 4-7 and lets 
you change the shape function for the radiosity J on the Element page. The following 
combinations are possible:

Heat Flux with Surface-to-Ambient Radiation
The radiative flux is defined according to Equation 4-6 as 

By default, the radiosity of the boundary is set to J0 = εσT4 and no equation for the 
radiosity is solved. If the Member of group(s) field is left empty, the boundary does not 
take part in surface-to-surface radiation. It can, however, be assigned to one or more 

qr εσ Tamb
4 T4

–( )=
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groups in which case it contributes the radiosity specified in J0 to the group, but does 
not receive any irradiation except for the above qr.

Heat Flux with Surface-to-Surface Radiation
The radiative flux is defined according to Equation 4-5 as

where the evaluation of G requires the solution of Equation 4-7. The default value of 
J0 is therefore J, which also appears as a dependent variable on the Element page. This 
setting applies to nearly all kinds of radiation problems. Only in rare cases would you 
use values for J0 other than J. By default all boundaries taking part in 
surface-to-surface radiation are part of the same group, number 1.

Note that surface-to-surface radiation can take place only between boundaries that 
border on exactly one opaque subdomain. Therefore, make sure that the adjacent 
subdomain has Opacity set to Opaque in the Subdomain Settings dialog box (see 
“Subdomain Settings” on page 28).

Temperature with Surface-to-Ambient Radiation
The Dirichlet boundary condition T = T0 can be combined with radiation. In the 
majority of situations this does not affect the conditions on the boundary itself, since 
the temperature there has been specified once and for all. Instead, switching on 
surface-to-ambient radiation for a Temperature boundary allows the boundary to act 
as a radiation source for other boundaries taking part in surface-to-surface radiation. 
For this to happen, you must assign the boundary to a radiation group, since the 
Member of group(s) field is empty by default.

There is, however, a case when adding radiation terms changes the meaning of the 
Temperature boundary condition itself. If you set T0 = T2, where T2 is the temperature 
variable from another application mode, you normally get continuity both in the 
combined temperature field [T, T2] and in the normal heat flux over the boundary. 
Radiation terms introduced on the boundary will in that case act like a source or sink 
on an internal boundary and cause a heat flux discontinuity. Compare to Equation 4-3 
and the discussion about the Heat source/sink boundary condition on page 48.

Temperature with Surface-to-Surface Radiation
A boundary with a Temperature boundary condition can also take part in 
surface-to-surface radiation. Just like the case with Heat flux boundary condition and 
surface-to-surface radiation, an additional equation must be solved for the radiosity, J. 
As in the case above, the radiation terms do not affect the conditions at the boundary 

qr ε G σ T4
–( )=
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itself unless the Temperature condition is used to enforce continuity between two 
different temperature fields. 

Heat Source/Sink with Surface-to-Ambient Radiation
Using surface-to-ambient radiation together with the Heat source/sink boundary 
condition on an interior boundary is similar to using the combination of 
Surface-to-ambient and Heat flux on an exterior boundary, see page 61 above.

Note that as the equation is written, the radiation is assumed to affect only one side of 
the boundary. Therefore, this condition is directly applicable only to a boundary 
between an opaque and a transparent domain. When there are transparent domains on 
both sides of the boundary, radiation will go both ways. If the ambient temperature is 
the same on both sides, you can model this bidirectional radiation just by summing the 
emissivities of the two surfaces. Otherwise, the source term q0 can be used to manually 
implement surface-to-ambient radiation in the more general case.

Heat Source/Sink with Surface-to-Surface Radiation
This combination is the interior-boundary counterpart of “Heat Flux with 
Surface-to-Surface Radiation” on page 62. Note that surface-to-surface radiation can 
take place only between boundaries that border on exactly one opaque subdomain. 
The radiation takes place in the direction away from the opaque domain, possibly into 
a neighboring domain marked as transparent. The void surrounding the geometry 
and any inactivated domains are considered to be transparent in this sense.

Grouping Boundaries

For radiation problems you can apply a boundary grouping to save computational 
time. You specify it in the Boundary Settings dialog box by going to the Boundary 

Condition page and then making an appropriate entry in the Member of group(s) edit 
field. 

A boundary grouping specifies which boundaries in a radiation problem have a chance 
to see one another, and they must be members of the same group. For each boundary 
that has its radiation type set to surface-to-ambient or surface-to-surface, use the 
Member of group(s) edit field to specify to which groups the boundary belongs.
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Note: Be careful when grouping boundaries in axially symmetric geometries. The 
grouping cannot be based on which boundaries have a free view toward each other in 
the 2D geometry. Instead, you must consider the full 3D geometry, obtained by 
revolving the model geometry about the z axis, when defining groups. For example, 
parallel vertical boundaries must typically belong to the same group in 2D 
axisymmetric models, but to different groups in a planar model using the same 2D 
geometry.

Figure 4-20: Examples of boundary grouping.

Figure 4-20 shows four examples of possible boundary groupings. On boundaries that 
have no number, the user has set the surface-to-ambient radiation type. These 
boundaries do not irradiate other boundaries, neither do other boundaries irradiate 
them. On boundaries that have one or several group numbers, the user has set the 
surface-to-surface radiation type. The numbers on each boundary specify in which 
groups the boundary belongs.
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On boundaries where the user has set the surface-to-surface radiation type, the default 
setting for Member of group(s) is 1. To specify that a boundary is a member of more 
than one group, you can enter a space-separated list of integers in the edit field, for 
example, 1 2 3.

To obtain optimal computational performance, it is good practice to specify as many 
groups as possible as opposed to specifying few but large groups. For example, in 
Figure 4-20, case (b) is more efficient than case (d).

On boundaries where the user has set surface-to-ambient radiation, the default for 
Member of group(s) is an empty edit field, which denotes that the boundary does not 
interact with other boundaries through radiation. If you specify one or more group 
numbers on these boundaries, the radiation that leaves the boundary irradiates the 
surrounding boundaries, but it receives no radiation from the surrounding boundaries.

Using the surface-to-ambient radiation type with boundary grouping can be efficient 
if the boundary acts as a pure emitter that irradiates an object because this setup does 
not require COMSOL Multiphysics to solve the equations for the radiosity on the 
emitting boundary.

Guidelines for Solving Surface-to-Surface Radiation Problems

The following guidelines are helpful when selecting solver settings for models that 
involve surface-to-surface radiation:

• Surface-to-surface radiation makes the Jacobian matrix of the discrete model partly 
filled, as opposed to the usual sparse matrix. The additional nonzero elements in the 
matrix appear in the rows and columns corresponding to the radiosity degrees of 
freedom. It is therefore common practice to keep the element order of the radiosity 
variable, J, low. By default, linear Lagrange elements are used irrespective of the 
shape function order specified for the temperature. When you need to increase the 
resolution of your temperature field, it might be worth considering raising the order 
of the temperature elements instead of refining the mesh.

• The Assembly blocksize parameter (found in the Solver Parameters dialog box on the 
Advanced page) can have a major influence on memory usage during the assembly 
of problems where surface-to-surface radiation is enabled. You might consider a 
blocksize as small as 100. Using a smaller blocksize also leads to more frequent 
updates of the progress bar.
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The section “Building and Solving a Radiation Model” on page 113 gives an example 
of how to build and solve a model involving both conductive and radiative heat 
transfer.
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H i gh l y  C ondu c t i v e  L a y e r s

The highly conductive layer feature is efficient for modeling heat transfer in thin layers 
without the need to create a fine mesh for them. The material in the thin layer should 
be a good thermal conductor. A good example is a copper trace on a printed circuit 
board, where the traces are good thermal conductors compared to the board’s 
substrate material. More generally you can apply the highly conductive layer feature in 
a part of a geometry with the following properties:

• The part is a thin layer compared to the thickness of the adjacent geometry

• The part is a good thermal conductor compared to the adjacent geometry

Because the layer is very thin and has a high thermal conductivity, you can assume that 
no variations in temperature and in-plane heat flux exist along the layer’s thickness. 
Furthermore, you can think of the difference in heat flux in the layer’s normal direction 
between its upper and lower face as a heat source or sink that is smeared out along the 
layer thickness.

The Heat Transfer Module supports heat transfer in highly conductive layers in 2D and 
3D as well as 2D axisymmetry. A significant benefit is that you can represent a layer as 
a boundary instead of a subdomain. Doing so simplifies the geometry and significantly 
reduces the required number of mesh elements. Figure 4-21 shows an example where 
a highly conductive layer reduces the mesh density significantly.

Figure 4-21: Modeling a copper wire as a subdomain (top) requires a denser mesh 
compared to modeling it as a boundary with a highly conductive layer (bottom).

Copper wire modeled

Copper wire represented as a
highly conductive layer

with a mesh
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PDE Formulation—Highly Conductive Layers

To describe heat transfer in highly conductive layers, the Heat Transfer Module uses a 
variant of the heat equation that describes the in-plane heat flux in the layer (see also 
“Thin Conductive Shell” on page 135)

.  (4-8)

Here the operator  denotes the del or nabla operator projected onto the plane of 
the highly conductive layer. The properties in the equation are:

• δts,s is a time-scaling coefficient for the layer (dimensionless).

• ρs is the layer density (kg/m3).

• Cp,s is the layer heat capacity (J/(kg·K)).

• is the layer thermal conductivity tensor (W/(m·K)).

• ds is the layer thickness (m).

•  is the heat flux from the surroundings into the layer (W/m2).

•  is the heat flux from the layer into the subdomain (W/m2).

• qs is the net outflux of heat through the top and bottom faces of the layer (W/m2).

The right-most variable, qs, can be recognized as one of the source terms in 
Equation 4-2 page 43. With the above boundary equation inserted, the general heat 
flux boundary condition becomes

δts s, dsρsCp s,
∂T
∂t
------- ∇t dsks Tt∇–( )⋅+ q∂Ω qΩ– q– s= =

t∇

ks

q∂Ω

qΩ

n– q⋅ q0 qr h Tinf T–( )+ δts s,– dsρsCp s,
∂T
∂t
------- ∇t– dsks Tt∇–( )⋅+=    on Ω∂
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Boundary Settings—Highly Conductive Layer

To create a highly conductive layer, go to the Physics menu and select Boundary 

Settings. In the resulting dialog box go to the Highly Conductive Layer page 
(Figure 4-22).

Figure 4-22: The Highly Conductive Layer page in the Boundary Settings dialog box.

Select the Enable heat transfer in highly conductive layer check box at the top of the page 
to activate heat transfer in the highly conductive layer. The quantities associated with 
a highly conductive layer are:

Layer time-scaling coefficient   δts,s is normally 1, but you can change the time scale, for 
example, from seconds to minutes by setting it to 1/60. Note that this time-scaling 

QUANTITY VARIABLE DESCRIPTION

 δts,s Dtss Layer time-scaling coefficient

 ρ rhos Layer density

 Cp Cps Layer heat capacity

 k ks Layer thermal conductivity

Layer thermal conductivity tensor

 ks,ij ksxixj Layer thermal conductivity tensor, xixj component

 ds ds Layer thickness

ks
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coefficient must always have the same value as the subdomain time-scaling coefficient. 
See also the note on page 30.

Layer density   ρ specifies the material’s density. Note that you enter density as mass per 
unit volume and not as a surface density, or mass per area.

Layer heat capacity   Cp,s describes the amount of heat energy required to produce a 
unit temperature change in a unit mass of the layer material at constant pressure.

Layer thermal conductivity   k describes the relationship between the heat flux vector q 
and the tangential temperature gradient  as in

.

When modeling anisotropic thermal conductivity properties, note that the Heat 
Transfer Module uses a 3-by-3 matrix in 3D and a 2-by-2 matrix in 2D to represent 
the thermal conductivity tensor. Enter the elements in the global coordinate system.

Layer thickness   ds is zero by default. 

Note: If the thickness is zero, the highly conductive layer does not take effect.

See the section “Highly Conductive Layers” on page 130 for an example on how to 
build a model involving a highly conductive layer.

Reference

1. F.P. Incropera and D.P. DeWitt, Fundamentals of Heat and Mass Transfer, 4th ed., 
John Wiley & Sons, 1996.

Tt∇

q dsk Tt∇–=
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Ou t - o f - P l a n e  Hea t  T r a n s f e r

When the object you intend to model in COMSOL Multiphysics is thin or slender 
enough along one of its geometry dimensions, there is usually only a small variation in 
temperature along the object’s thickness or cross section. For such objects, it is 
efficient to reduce the model geometry to 2D or even 1D and use the out-of-plane 
heat transfer mechanism. Figure 4-23 shows two examples of likely situations where 
you can apply this type of geometry reduction.

Figure 4-23: Geometry reduction from 3D to 1D (top) and from 3D to 2D (bottom).

The reduced geometry does not include all the boundaries of the original 3D 
geometry. For example, the reduced geometry does not represent the upside and 
downside surfaces of the plate in Figure 4-23 as boundaries. Instead, heat transfer 
through these boundaries appears as sources or sinks in the thickness-integrated 
version of the heat equation used when out-of-plane heat transfer is active.

PDE Formulation—Out-of-Plane Heat Transfer

The following equation shows the heat equation for a 2D heat transfer problem that 
includes conduction and out-of-plane heat transfer:

Mathematically this is the heat equation integrated along the thickness of the full 3D 
geometry where dz (m) represents the thickness. 

qdown

qup

q

δtsdzρCp t∂
∂T ∇ dzk T∇–( )⋅+ dzQ +=

hu Text u, T–( ) hd Text d, T–( ) εuσ T4
amb u, T4

–( ) εdσ T4
amb d, T4

–( )+ + +
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The first two out-of-plane terms

represent the convective heat flux through the upside and downside surfaces of the full 
3D geometry. Here:

• hu is the heat transfer coefficient for the upside (W/(m2·K)).

• hd is the heat transfer coefficient for the downside (W/(m2·K)).

• Text,u is the external temperature for the upside (K).

• Text,d is the external temperature for the downside (K).

In addition, the final two out-of-plane terms

represent the heat flux due to surface-to-ambient radiation where

• εu is the surface emissivity for the upside (dimensionless).

• εd is the surface emissivity for the downside (dimensionless).

• σ is the Stefan-Boltzmann constant (W/(m2·K4)).

• Tamb,u is the ambient temperature for the upside (K)

• Tamb,d is the ambient temperature for the downside (K).

In 1D, the corresponding subdomain equation is:

Mathematically this is the heat equation integrated over the cross-sectional area of the 
full 3D geometry, where

• Ac is the cross-sectional area (m2).

• Pc is the cross-sectional perimeter (m).

• hz is the heat transfer coefficient (W/(m2·K)).

• Text,z is the external temperature (K).

• εz is the surface emissivity (dimensionless)

• σ is the Stefan-Boltzmann constant (W/(m2·K4))

• Tamb,z is the ambient temperature (K).

hu Text u, T–( ) hd Text d, T–( )+

εuσ T4
amb u, T4

–( ) εdσ T4
amb d, T4

–( )+

δtsAcρCp t∂
∂T ∇ Ack T∇–( )⋅+ AcQ Pchz Text z, T–( ) Pcεzσ T4

amb z, T4
–( )+ +=
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Subdomain Settings—Out-of-Plane Heat Transfer

To enable out-of-plane heat transfer, go to the Physics menu and choose Properties. In 
the Application Mode Properties dialog box, locate the Out-of-plane heat transfer option 
and select Enabled from the list.

To enter properties for out-of-plane heat transfer, first choose Physics>Subdomain 

Settings. In the resulting dialog box go to the Out-of-Plane page (Figure 4-24).

Figure 4-24: The Out-of-Plane page in the Subdomain Settings dialog box (in 2D).

S U B D O M A I N  Q U A N T I T I E S — 2 D

In 2D the subdomain quantities are:

QUANTITY VARIABLE DESCRIPTION

 hu hu Heat transfer coefficient, upside

 hd hd Heat transfer coefficient, downside

 Text,u Textu External temperature, upside

 Text,d Textd External temperature, downside

 εu epsilonu Surface emissivity, upside

 εd epsilond Surface emissivity, downside

 Tamb,u Tambu Ambient temperature, upside
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Heat transfer coefficient, upside/downside   hu is the heat transfer coefficient for the 
upside surface; use hd for the downside surface. 

External temperature, upside/downside   Text,u is the external bulk temperature on the 
upside (Text,d on the downside) that the heat transfer coefficient uses as a reference to 
define the convective heat flux through the surface.

Surface emissivity, upside/downside   The surface emissivity of the upside surface, εu, 
(εd for the downside surface) is a dimensionless number between 0 and 1. 

Ambient temperature, upside/downside   The upside surface sees the temperature of its 
ambient surrounding as Tamb,u, and the downside surface sees its ambient as Tamb,d.

Thickness   dz is the thickness of the full 3D object that is reduced to a 2D model using 
out-of-plane heat transfer.

S U B D O M A I N  Q U A N T I T I E S — 1 D

In 1D the subdomain quantities are:

Heat transfer coefficient   hz is the heat transfer coefficient for the surface. When using 
SI units, enter the value in W/(m2·K). 

External temperature   Text,z is the external bulk temperature that the heat transfer 
coefficient uses as a reference to define the convective heat flux through the surface.

Surface emissivity   εz is a dimensionless number between 0 and 1. 

 Tamb,d Tambd Ambient temperature, downside

 dz dz Thickness

QUANTITY VARIABLE DESCRIPTION

hz hz Heat transfer coefficient

Text,z Textz External temperature

εz epsilonz Surface emissivity

Tamb,z Tambz Ambient temperature

Ac Ac Cross-sectional area

Pc Pc Cross-sectional perimeter

QUANTITY VARIABLE DESCRIPTION
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Ambient temperature   The surface sees a the surrounding ambient at a temperature of 
Tamb,z. 

Cross-sectional area   Ac is the area of the cross section of the full 3D object that 
out-of-plane heat transfer reduces to a 1D model.

Cross-sectional perimeter   Pc is the perimeter of the cross section of the full 3D object 
that out-of-plane heat transfer reduces to a 1D model.

See the section “Out-of-Plane Heat Transfer” on page 124 for an example of how to 
build a model involving both conductive and out-of-plane heat transfer.
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Bu i l d i n g  and S o l v i n g  Gen e r a l  H ea t  
T r a n s f e r  Mode l s

The following sections describe how to build and solve heat transfer problems using 
the General Heat Transfer application mode.

The discussion starts with an example on conductive heat transfer and further examples 
add other heat transfer mechanisms. The following list points out in which section you 
can read about how to build models with different heat transfer mechanisms:

• Conduction—see “Building and Solving a Conduction Model” on page 77.

• Conduction and convection—see “Building and Solving a Conduction and 
Convection Model” on page 81.

• Conduction and radiation—see “Building and Solving a Radiation Model” on page 
113.

• Conduction and out-of-plane heat transfer—see “Out-of-Plane Heat Transfer” on 
page 124.

• Conduction with heat transfer in highly conductive layers—see “Highly Conductive 
Layers” on page 130.
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Bu i l d i n g  and S o l v i n g  a  Condu c t i o n  
Mode l

The following example illustrates how to build and solve a conductive heat transfer 
problem using the General Heat Transfer application mode. The model, taken from a 
NAFEMS benchmark collection (Ref. 1), shows an axisymmetric steady-state thermal 
analysis. As opposed to the NAFEMS benchmark model, we chose the temperature 
unit kelvin instead of degrees Celsius for this model.

Model Definition—Conduction in a Cylinder

The modeling domain describes the cross section of a 3D solid as shown in 
Figure 4-25.

Figure 4-25: Model geometry and boundary conditions.

You set three types of boundary conditions:

• Prescribed heat flux

• Thermal insulation

• Prescribed temperature

The governing equation for this problem is the steady-state heat equation for 
conduction with the volumetric heat source set to zero:

273.15K

273.15K

273.15K

5x10
5

Wm
2–

Insulation

Insulation

r = 0.02m r = 0.1m
z = 0m

z = 1.4m

z = 0.04m

z = 0.1m
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The thermal conductivity k is 52 W/(m·K).

Results

The plot in Figure 4-26 shows temperature as a function of position:

Figure 4-26: Temperature distribution.

The benchmark result for the target location (r = 0.04 m and z = 0.04 m) is a 
temperature of 59.82 °C, or (59.82 + 273.15) K = 332.97 K. The COMSOL 
Multiphysics model, using a default mesh with about 540 elements, gives a 
temperature of 332.947 K at the same location.

Reference

1. A.D. Cameron, J.A. Casey, and G.B. Simpson, NAFEMS Benchmark Tests for 
Thermal Analysis (Summary), NAFEMS Ltd., 1986.

∇ k– ∇T( )⋅ 0=
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Model Library path: Heat_Transfer_Module/Tutorial_Models/
cylinder_conduction

Modeling Using the Graphical User Interface

1 Open the Model Navigator and click the New tab.

2 From the Space dimension list select Axial symmetry (2D).

3 From the list of application modes select Heat Transfer Module> 
General Heat Transfer>Steady-state analysis. Click OK.

G E O M E T R Y  M O D E L I N G

1 Open the Rectangle dialog box by pressing the Shift key and clicking the Rectangle/

Square button on the Draw toolbar.

2 Specify the following rectangle; when done, click OK.

Next split the left vertical boundary into three boundaries by adding two points.

3 Press the Shift key and click the Point button on the Draw toolbar. In the resulting 
dialog box go to the r edit field and enter 0.02 0.02, then go to the z edit field and 
enter 0.04 0.1. Click OK.

4 Click the Zoom Extents button on the Main toolbar.

P H Y S I C S  S E T T I N G S

Boundary Conditions
1 From the Physics menu select Boundary Settings.

PROPERTY VALUE

Width 0.08

Height 0.14

Base Corner

r-position 0.02

z-position 0
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2 In the resulting dialog box apply these boundary conditions; when done, click OK.

Subdomain Settings
1 From the Physics menu select Subdomain Settings.

2 Select Subdomain 1, then enter the following properties; when done, click OK.

C O M P U T I N G  T H E  S O L U T I O N

To compute the solution click the Solve button on the Main toolbar.

P O S T P R O C E S S I N G  A N D  V I S U A L I Z A T I O N

The default plot (Figure 4-26) shows the cylinder’s temperature. The NAFEMS 
benchmark value at the coordinates r = 0.04,  z = 0.04 is 332.97 K. To compare the 
computed solution to the NAFEMS solution, follow these steps:

1 From the Postprocessing menu, select Data Display>Subdomain.

2 From the Predefined quantities list select Temperature.

3 In both the r and z edit fields type 0.04.

4 Click OK.

The temperature at r = 0.04, z = 0.04 appears in the message log at the bottom of the 
user interface.

SETTINGS BOUNDARIES 1, 4 BOUNDARIES 2, 5, 6 BOUNDARY 3

Boundary condition Thermal insulation Temperature Heat flux

T0 273.15

q0 5e5

PROPERTY VALUE

k (isotropic) 52

 ρ 0

Cp 0
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Bu i l d i n g  and S o l v i n g  a  Condu c t i o n  
and Con v e c t i o n  Mode l

The following example builds and solves a conduction and convection heat transfer 
problem using the General Heat Transfer application mode.

This example concerns a stainless-steel MEMS heat exchanger, which you can find in 
lab-on-a-chip devices in biotechnology and in microreactors such as for micro fuel 
cells. This model examines the heat exchanger in 3D, and it involves heat transfer 
through both convection and conduction.

Model Definition—Heat Exchanger

Figure 4-27 shows the geometry of the heat exchanger. It is necessary to model only 
one unit cell because they are all almost identical except for edge effects in the outer 
cells.

Figure 4-27: Depiction of the modeled part of the heat exchanger (left).

The governing equation for this model is the heat equation for conductive and 
convective heat transfer

 (4-9)

where Cp denotes the specific heat capacity (J/(kg·K)), T is the temperature (K), k is 
the thermal conductivity (W/(m·K)), ρ is the density (kg/m3), u is the velocity vector 

cold stream

hot stream

∇ k T∇–( )⋅ Q ρCpu ∇⋅ T–=
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(m/s), and Q is a sink or source term (which you set to zero because there is no 
production or consumption of heat in the device). 

You also set the velocity vector, u = (u, v, w), to zero in all directions in the solid parts 
of the heat exchanger. In the channels, though, set the velocity field to an analytical 
expression that approximates fully developed laminar flow for a circular cross section. 
For both the hot and cold streams, you set the velocity components in the x and 
z directions to zero.

For the hot stream, the expression

 (4-10)

gives the y-component of the velocity where

• vmax is the maximum velocity (m/s), which arises in the middle of the channel

• r is the distance from the center of the channel (m)

• R is the channel radius (m)

You describe velocity in the cold stream in the same manner but in the opposite 
direction

The boundary conditions are insulating for all outer surfaces except for the inlet and 
outlet boundaries in the fluid channels. You specify a constant temperature at the inlets 
for both the cold and hot streams:

At the outlets, convection dominates the transport of heat so you apply the convective 
flux boundary condition:

This expression sets the conduction term in the direction of the outflow to zero.

v vmax= 1 r
R
----⎝ ⎠
⎛ ⎞2

–⎝ ⎠
⎛ ⎞

v v– max= 1 r
R
----⎝ ⎠
⎛ ⎞ 2

–⎝ ⎠
⎛ ⎞

T Tcold=

T Thot=

k T ρCpTu )+∇–( n⋅ ρCpTu n⋅=
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Results

Figure 4-28 shows the temperature isosurfaces and the heat flux arrows for the 
conductive heat flux in the device. The temperature isosurfaces clearly show the 
influence of the convective term in the channels. The arrow field indicate that the heat 
flows from the geometry’s hot region to its cold region.

Figure 4-28: Isotherms and conductive heat flux arrow field in the cell unit’s geometry.
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To visualize the velocity field in the flow channels, plot the velocity on the tubes’ 
boundaries (Figure 4-29). The maximum velocity is 5 mm/s. The same figure also 
visualizes some streamlines for the conductive heat flux.

Figure 4-29: Boundary plot of the velocity field in the channels, with isosurfaces for the 
temperature. 

Model Library path: Heat_Transfer_Module/Tutorial_Models/
heat_exchanger_iso

The Model Library also includes an extended version of the same model. It simulates 
fluid flow in the channels with the Non-Isothermal Flow application mode instead of 
using an analytical expression for the velocity field. The following path shows the name 
and location of this extended model:

Model Library path: Heat_Transfer_Module/Tutorial_Models/
heat_exchanger_ni
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Modeling Using the Graphical User Interface

M O D E L  N A V I G A T O R

1 Open the Model Navigator and go to the New page. 

2 From the Space dimension lists select 3D.

3 From the list of application modes select Heat Transfer Module>General Heat 

Transfer>Steady-state analysis.

4 Click OK.

O P T I O N S  A N D  S E T T I N G S

1 From the Options menu select Constants.

2 Define these constants (the descriptions are optional); when done, click OK.

G E O M E T R Y  M O D E L I N G

1 From the Draw menu select Work-Plane Settings.

2 Click the Quick tab, and in the Plane area click the z-x button.

3 Click OK.

4 Working on the Geom2 page, press the Shift key and click the Rectangle/Square 
button on the Draw toolbar.

5 In the resulting dialog box, enter these properties; when done, click OK.

6 Click the Zoom Extents button on the Main toolbar.

7 Press the Shift key and click the Ellipse/Circle (Centered) button in the Draw toolbar.

NAME EXPRESSION DESCRIPTION

v_max 5[mm/s] Maximum velocity

R 5e-5[m] Channel radius

T_hot 330[K] Hot stream temperature

T_cold 300[K] Cold stream temperature

rho_w 1e3[kg/m^3] Density of water

k_w 0.6[W/(m*K)] Thermal conductivity of water

Cp_w 4200[J/(kg*K)] Heat capacity of water

PROPERTY VALUE

Width 3e-4

Height 1e-4
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8 In the dialog box that appears, enter the following properties for the circle; when 
done, click OK.

9 In the same manner, create a second circle with the following properties:

10 Press Ctrl+A to select all three objects, and then click the Union button on the Draw 
toolbar to create one composite object, CO1.

11 Press the Shift key and click the Rectangle/Square button on the Draw toolbar.

12 Enter these properties; when done, click OK.

13 In the same manner, create a second rectangle with these properties:

14 Using the mouse, select both geometry objects CO1 and R2, then click the 
Difference button on the Draw toolbar. This creates the composite object CO2.

OBJECT DIMENSIONS EXPRESSION

Radius 5e-5

Base Center

x-position 1e-4

y-position 0

OBJECT DIMENSIONS EXPRESSION

Radius 5e-5

Base Center

x-position 2e-4

y-position 1e-4

PROPERTY VALUE

Width 2*5e-5

Height 5e-5

x-position 5e-5

y-position -5e-5

PROPERTY VALUE

Width 2*5e-5

Height 5e-5

x-position 1.5e-4

y-position 1e-4
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15 Select the geometry objects CO2 and R1, then click the Difference button on the 
Draw toolbar. 

16 Press Ctrl+A to select the resulting objects.

17 From the Draw menu select Extrude.

18 In the Distance edit field type 4e-4, then click OK.

P H Y S I C S  S E T T I N G S

Subdomain Settings
To be able to express the velocity profile in the channels, you need an expression 
variable for the distance from the center of the channels.

1 From the Options menu select Expressions>Subdomain Expressions.

2 Select Subdomains 2 and 3. In the Name edit field type r, then select each 
subdomain in turn and in the Expression edit field enter the appropriate value from 
the following table; when done, click OK.

3 From the Physics menu select Subdomain Settings.

4 Select Subdomain 1.

5 Go to the Conduction page and click the Load button. From the Materials list select 
Basic Material Properties>Steel AISI 4340.

6 Click OK to close the Materials/Coefficients Library dialog box.

7 Select Subdomains 2 and 3. On the Conduction page, enter these material properties:

8 Go to the Convection page. Select the Enable convective heat transfer check box.

9 Select Subdomain 2 In the v edit field type v_max*(1-(r/R)^2).

10 Select Subdomain 3. In the v edit field type -v_max*(1-(r/R)^2), then click OK.

SUBDOMAIN 2 SUBDOMAIN 3

sqrt(x^2+(z-1e-4)^2) sqrt((x-1e-4)^2+(z-2e-4)^2)

PROPERTY VALUE

k (isotropic) k_w

 ρ rho_w

Cp Cp_w

Q 0
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Boundary Conditions
1 From the Physics menu select Boundary Settings.

2 Enter these boundary conditions; when done, click OK.

M E S H  G E N E R A T I O N

In order to resolve the velocity and pressure fields in the boundary-layer regions, use 
a finer mesh at the fluid-solid interface boundaries.

1 From the Mesh menu, choose Free Mesh Parameters.

2 On the Global page, click the Custom mesh size button.

3 Type 1.6 in the Element growth rate edit field.

4 Click the Boundary tab.

5 Select Boundaries 6, 8, 12, and 13.

6 Type 1e-5 in the Maximum element size edit field.

7 Click the Remesh button and then click OK.

C O M P U T I N G  T H E  S O L U T I O N

Click the Solve button on the Main toolbar.

P O S T P R O C E S S I N G  A N D  V I S U A L I Z A T I O N

The default plot shows temperature slices. You create Figure 4-28 in the results section 
by following these steps:

1 From the Postprocessing menu select Plot Parameters.

2 Go to the General page, clear the Slice plot and select the Isosurface and Arrow plots.

3 On the Isosurface page find the Predefined quantities list and select Temperature.

4 In the Isosurface levels area click the Vector with isolevels button, then in the 
corresponding edit field enter 301:2:329.

5 On the Arrow page, click the Subdomain Data tab. Find the Predefined quantities list 
and select Conductive heat flux.

6 Go to the Arrow type list and select 3D arrow.

7 Click OK.

SETTINGS BOUNDARY 5 BOUNDARY 15 BOUNDARIES 11, 14 ALL OTHER

Boundary 
condition

Temperature Temperature Convective 
flux

Thermal 
insulation

T0 T_hot T_cold
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The following steps explain how to reproduce Figure 4-29 in the results section:

1 From the Postprocessing menu select Plot Parameters.

2 On the General page clear the Arrow check box, then select the Boundary and 
Streamline check boxes.

3 Go to the Boundary page, find the Expression edit field, then enter 
(abs(v_htgh)>0)*abs(v_htgh).

4 Click the Range button. 

5 In the dialog box that appears, clear the Auto check box and enter the following 
values; when done, click OK.

6 On the Streamline page, find the Predefined quantities list and select Conductive heat 

flux.

7 Select Tube from the Line type list.

8 Click OK.

RANGE LIMIT VALUE

Min 1e-10

Max 5e-3
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Bu i l d i n g  and S o l v i n g  a  Na t u r a l  
C on v e c t i o n  Mode l—Lam ina r  F l ow

The following example solves a free-convection problem in which a thermos holding 
hot coffee dissipates thermal energy. The main interest is to calculate the thermos’ 
cooling power, that is, how much heat it loses per unit time.

This example treats the natural convection-cooling using two approaches:

• Use heat transfer coefficients to describe the thermal dissipation

• Model the convective flow of air outside the thermos to describe the thermal 
dissipation

The first approach describes the outside heat flux using a heat transfer coefficient 
function from the Heat Transfer Coefficients library that the Heat Transfer Module 
includes. This approach results in a rather simple model that predicts the stationary 
cooling well and produces accurate results in terms of temperature distribution and 
cooling power.

The second approach solves for both the total energy balance and the flow equations 
of the outside cooling air. This model produces detailed results concerning the flow 
field around the thermos as well as the temperature distribution and cooling power. 
However, it is more complex and requires significantly more computational resources 
than the first model.
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Model Definition

G E O M E T R Y  C R E A T I O N :  I M P O R T  F R O M  A  C A D  P A C K A G E

The thermos was designed with a 2D CAD package. You can import that geometry as 
a DXF file (Vacuum_Thermos.dxf). 

Figure 4-30: A 3D cut-away drawing (left figure) of the thermos with: coffee; a 
stainless-steel shell (light gray) that can be filled with an insulating material such as foam; 
an insulating ring around the thermos neck (black); and a screw stopper (dark gray). The 
2D-axisymmetric representation appears on the right.

C O N T R O L  V O L U M E

The model uses a control volume around the thermos to represent the domain of the 
surrounding air. Choosing an appropriate control volume for natural convection 
models is difficult. Your choice strongly influences the model, the mesh, the 
convergence, and especially the flow behavior. The real-world air domain surrounding 
the thermos is the entire room or atmosphere in which the thermos is sitting. To make 
an appropriate truncation, it is important to consider the expected flow behavior and 
thermal conditions. In this case you expect the hot thermos to induce an upward flow. 
This means that the flow enters the modeled control volume radially, flowing toward 
the thermos, and then it exits axially upward. At the entry, the temperature is that of 
the surrounding air, and the heat flux is convection dominated because the flow exits 
the control volume upward. For the flow, you know the static pressure is constant 
around the thermos. However, the flow direction is largely unknown locally around 
the thermos.
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An option is to make the rectangle infinitely large or as large as the external room—
but this would result in a very large model, one requiring a supercomputer to solve. At 
the other extreme, if you make the control volume too small, the solution is affected 
by the imposed artificial boundary conditions, and there might also be a truncation of 
flow eddies, making convergence difficult. One way to approach this task is to start 
with a small control volume, set up and solve the model, then expand the control 
volume, solve the model again, and see if the results change. This example uses a 
sufficient control volume by truncating the air domain at  r = 0.1 m and z = 0.5 m.

M A T E R I A L  P R O P E R T I E S

Next consider the materials that make up the thermos model. The screw stopper and 
insulation ring are made of nylon. The thermos bottle consists of stainless steel, and 
the filling material between the inner and outer walls is a plastic foam. The surrounding 
fluid is atmospheric air.

The Heat Transfer Module supplies a library of data for material properties that 
includes all materials used in this model except the foam, which you specify manually. 
Here is a summary of a standard foam’s thermal properties:

H E A T  T R A N S F E R  P H Y S I C S

This example neglects the convection flows in the hot liquid (coffee). The thermal 
conductivity in the liquid is large enough to make the temperature gradients rather 
small. The first two models study the thermos as being thermally stationary, although 
a real thermos continuously loses heat and cools down. However, because the heat-loss 
process in the hot liquid is slow compared to the convection flow, a quasi-stationary 
model assuming that the coffee has a constant temperature of 95 °C (203 °F) is 
applicable. Such a model reveals the temperature gradients and cooling power. The 
model results show where the main losses appear, and thus where improvements are 
possible—which is what a thermos designer is really interested in.

TABLE 4-2:  FOAM MATERIAL PROPERTIES

PROPERTY VALUE

Conductivity 0.01 W/(m·K)

Density 60 kg/m3

Specific heat capacity 200 J/(kg·K)
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Note: This model works with the default SI base unit system. However, by using 
COMSOL Multiphysics’ bracket syntax for units, you can enter temperatures in the 
unit of your choice, whether that is kelvin, degrees Fahrenheit, or degrees Celsius. 
You can also display the results using any of these temperature units.

The general (conduction and convection) heat balance equation is:

where ρ is the density, Cp denotes the specific heat capacity, k equals the thermal 
conductivity, Q is the heat source term, and u represents the fluid velocity. 

Approach 1—Loading a Heat Transfer Coefficient Function

The first model uses a simplified approach and solves the thermal-conduction equation 
making use of a heat transfer coefficient, h, to describe the natural convection cooling 
on the outside of the thermos. This approach is very powerful in many situations, 
especially if the main interest is not so much the flow’s behavior but rather its cooling 
power. By using the appropriate h correlations, you can generally arrive at accurate 
results at a very low computational cost. In addition, many correlations are valid for 
the entire flow regime, from laminar to turbulent flow. This makes it possible to 
approach the problem directly without predicting if the flow is laminar or turbulent.

In the first model, the convective term in the equation is zero. There are no heat 
sources in the thermos, making Q zero. In addition, the equation is solved for as being 
stationary, making the time derivative zero. Thus the equation simplifies to

.

The second model, which includes the flow, includes the convection in the 
surrounding air.

B O U N D A R Y  C O N D I T I O N S

You assign the vertical boundaries along the axis of symmetry with the symmetry 
condition (zero gradients); the wetted surface of the stainless-steel shell is held at a 
constant temperature of  95 °C (203 °F); assume that the bottom is perfectly insulated 
(zero flux). The thermos surfaces are exposed to air and are convection cooled. 

ρCp t∂
∂T ∇ k T∇–( )⋅+ Q ρCp u ∇T⋅( )–=

∇ k T∇–( )⋅ 0=
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The only remaining energy-balance boundary condition is for the thermos surface. In 
the first approach a convective heat-transfer coefficient together with the ambient 
temperature, 20 °C (68 °F), describes the heat flux.

Convective Heat Transfer Coefficient
The outer surface dissipates heat via natural convection. This loss is characterized by 
the convective heat transfer coefficient, h, which in practice you often determine with 
empirical handbook correlations. Because these correlations depend on the surface 
temperature, Tsurface, engineers must estimate Tsurface and then iterate between h and 
Tsurface to obtain a converged value for h. Most of these correlations require tedious 
computations and property interpolations that make this iterative process quite 
unpleasant and labor intensive. 

Following is a typical handbook correlation for h for the case of natural convection in 
air on a vertical heated wall; it is rather complex and requires some skill to set up 
properly:

.

COMSOL Multiphysics handles these types of nonlinearities internally and adds much 
convenience to such computations, so there is no need to iterate. In the final model of 
this thermos example you set up this type of complex correlation manually. However, 
this first example uses built-in functionality to do the job.

The Heat Transfer Module comes with a library of heat transfer coefficient functions 
that you can access easily. The model example takes advantage of this functionality.

Approach 2—Modeling the External Flow

The second approach to simulate the cooled thermos is to produce a model that 
computes the convective velocity field around the thermos in detail. Before proceeding 
with a simulation of this kind, it is a good idea to try to estimate the Grashof number 

h
k NuL⋅

L
--------------------=

NuL 825 10 3– 387 10 3– RaL
1 6⁄⋅ ⋅

1 492 10 3–⋅
Pr

--------------------------⎝ ⎠
⎛ ⎞

9 16⁄
+

8 27⁄
---------------------------------------------------------------------+⋅

⎝ ⎠
⎜ ⎟
⎜ ⎟
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⎛ ⎞ 2

=

RaL 2g
ρ2Cp

ηk
-------------⎝ ⎠
⎛ ⎞ Tsurface Tambient–

Tsurface Tambient+
------------------------------------------------ L3

=
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(see “Nature of the Flow—the Grashof Number” on page 17) because that number 
influences the choice between assuming laminar flow and applying a turbulence model.

The material properties for air at ambient conditions (293 K, 1 atm) appear in the 
following table:

The model’s length scale is the length of the heated fluid’s flow path, in this example 
0.5 m. Notice that this value increases if the modeled flow domain is extended in the 
direction of the flow. 

If you insert these values into the equation for the Grashof number together with the 
coffee’s temperature (95 °C) for Ts and 20 °C as T0, the result is 3.1·109, which 
indicates that the flow is turbulent if the surface temperature is 95 °C. 

However, with a more realistic surface temperature, of say 318 K (45 °C), the local 
Grashof number becomes 1·109 at the top of the modeled domain. This points to a 
flow that just reaches transition conditions at the top of the modeled domain (where 
 L = 0.5 m). It is thus possible to describe the model with laminar flow equations.

L A M I N A R  B U O Y A N C Y - D R I V E N  F L O W

To model non-isothermal laminar buoyancy-driven flow, the following example uses 
COMSOL Multiphysics’ Weakly Compressible Navier-Stokes application mode. This 
application mode implements a generalized Navier-Stokes formulation that takes 
varying density into account. The equations are:

where u is the velocity (m/s), p is the pressure (Pa), κ denotes the dilational viscosity 
(Pa·s), I gives the identity matrix, and F equals the internal force.

The buoyancy forces are included by specifying F in this way:

with g( r, z ) = (0, −9.81) m/s2.

TABLE 4-3:  AIR MATERIAL PROPERTIES

PROPERTY VALUE

Dynamic viscosity 1.77·10-5 Pa·s

Density 1.178 kg/m3

ρ
t∂

∂u ρu ∇⋅ u+ ∇ pI– η ∇u ∇u( )T
+( ) 2η 3⁄ κ–( ) ∇ u⋅( )I–+[ ]⋅ F+=

t∂
∂ρ ∇+ ρu( )⋅ 0=

F ρ ρref–( )g=
B U I L D I N G  A N D  S O L V I N G  A  N A T U R A L  C O N V E C T I O N  M O D E L — L A M I N A R  F L O W  |  95



96 |  C H A P T E R
You can assume that the dilational viscosity equals zero for atmospheric air. The density 
is given by the ideal gas law

where M is the average molecular weight of air, and R is the gas constant. In the model 
example you use one of the available material libraries to describe the 
temperature-dependent properties of air.

B O U N D A R Y  C O N D I T I O N S

When solving flow problems numerically, your engineering intuition is crucial in 
setting good boundary conditions. In this problem, the warm thermos drives vertical 
air currents along its walls, and they eventually join in a thermal plume above the top 
of the thermos. Air is pulled from the surroundings toward the thermos where it 
eventually feeds into the vertical flow. Thus you can expect air to enter the flow domain 
from the side and exit through the top. You would expect this flow to be quite weak 
and therefore do not anticipate any significant changes in dynamic pressure. 

Flow Boundary Conditions
The top boundary use a pressure condition; the static pressure is 1 atmosphere 
(1.013·105 Pa). It is important to specify the pressure to be the absolute pressure 
because it influences the evaluation of the density function. On the right boundary, the 
viscous stress is zero. On the upper-left boundary, the flow domain coincides with the 
axis of symmetry where you apply the symmetry/insulation condition. All other 
boundaries (the thermos surface and the bottom horizontal line) are walls where you 
use the No slip condition.

Thermal Boundary Conditions
The right boundary of the flow domain is replenished with ambient air, so constrain 
its temperature to the ambient temperature, in this case 20 °C. The top boundary is 
the exit of the flow domain where convection dominates; accordingly, use a boundary 
condition for a convective heat flux. Again, the top left is best described by symmetry/
insulation. Assume the bottom is perfectly insulated. All other boundaries (the 
thermos surface) should have continuity in temperature and flux, which COMSOL 
Multiphysics assigns automatically.

ρ pM
RT
---------=
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Results and Discussion

Figure 4-31 shows the temperature distribution in both the thermos and the 
surrounding air. The results are taken from the model including the flow. However, 
the temperature results in the solid parts are close to identical for the two models of 
this example.

Figure 4-31: Temperature results for the model including the fluid flow.

Your main interest with the model is to calculate the integral cooling power, which 
indicates how long the coffee stays hot. The first model, using the h-coefficient to 
describe the cooling, resulted in a total cooling power of 11.1 W. The second model, 
including the flow resulted in 11.08 W. The models agree very well.

A second question concerns how the cooling power is distributed on the thermos 
surface. The heat transfer coefficient represents this property. Figure 4-32 shows a 
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comparison of the predicted distribution of  h along the height of the thermos between 
the two models.

Figure 4-32: Comparison between the predicted heat transfer coefficient for the two 
models. The dashed line represents the model including the fluid flow.

The flow model does a much better job at describing local cooling power.
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Figure 4-33 depicts the flow of air around the thermos calculated from the flow model.

Figure 4-33: The fluid velocity and streamlines for air around the thermos.

One interesting result is the vortex formed above the lid. It reduces the cooling in this 
region.

C O N C L U S I O N S

The predicted h coefficient from the flow model agrees well in an integral sense with 
that given by the library heat transfer function. However, the library functions do not 
describe the local effects as well as the flow model does. In fact, the flow model is much 
more accurate. This means that you can use this type of model to create and calibrate 
library functions for heat transfer coefficients for complex geometries. Once calibrated, 
the functions allow you to use the first approach when solving large-scale and perhaps 
time-dependent models.

The suggested technique is a useful way to model complex geometries with convection 
cooling for which there are no accurate heat transfer coefficient descriptions. You then 
solve the “full model” with both heat and fluid flow and postprocess for the local heat 
transfer coefficient as described earlier. From these plots you can set up your own heat 
transfer coefficient functions that greatly simplify the model without loss of accuracy 
in the thermal cooling.
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Model Library path: Heat_Transfer_Module/Tutorial_Models/
thermos_laminar_hcoeff

Modeling Using the Graphical User Interface

M O D E L  N A V I G A T O R

1 Launch COMSOL Multiphysics. In the Model Navigator go to the Space dimension 
list and select Axial symmetry (2D).

2 From the list of application modes select Heat Transfer Module>General Heat 

Transfer>Steady-state analysis.

3 Click OK.

G E O M E T R Y

1 Select File>Import>CAD Data From File.

2 Browse to the folder Models>Heat_Transfer_Module>Tutorial_Models.

3 Select the file Vacuum_Thermos.dxf.

4 Click Import.

5 Using the mouse, select the lower left corner point of the imported drawing and 
drag it to the coordinates r = 0, z = 0. The geometry must align with the symmetry 
axis.

6 Select Draw>Specify Objects>Rectangle. Enter a Width of 0.1 and a Height of 0.5, 
then click OK. 
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7 Click the Zoom Extents button on the Main toolbar. The following plot then 
appears:

C O N S T A N T S

1 From the Options menu select Constants, then define the following constants (the 
descriptions are optional):

2 Click OK.

S U B D O M A I N  S E T T I N G S

1 Select Physics>Subdomain Settings.

2 From the Subdomain selection list select Subdomains 3 and 6 by pressing the Ctrl key 
while clicking the entries. These subdomains represent the outer air and hot coffee, 
respectively.

NAME EXPRESSION DESCRIPTION

k_foam 0.01[W/(m*K)] Foam thermal conductivity

p_atm 1e5[Pa] Air pressure

Length 0.38[m] Height of thermos wall

T_amb 20[degC] Temperature of surrounding air
B U I L D I N G  A N D  S O L V I N G  A  N A T U R A L  C O N V E C T I O N  M O D E L — L A M I N A R  F L O W  |  101



102 |  C H A P T E R
3 Clear the Active in this domain check box.

At this point the heat balance is not modeled in these regions, and no thermal 
equations are set up for these subdomains.

4 From the Subdomain selection list, select Subdomain 1 (the stainless-steel shell).

5 Open the Materials/Coefficients Library by clicking the Load button.

6 Load the material properties by selecting Basic Material Properties>Steel AISI 4340. 
Click OK.

7 From the Subdomain selection list select Subdomain 2 (the insulating cavity).

8 Enter the material properties for the plastic foam (as given in Table 4-2 on page 92): 
type k_foam in the Thermal conductivity edit field, type 60 in the Density edit field, 
and type 200 in the Heat capacity edit field.

9 From the Subdomain selection list select Subdomain 4 (the air above the coffee).

10 Click the Load button. Select the material Basic Material Properties>Air, 1 atm, which 
is one of the first materials in the library. Click OK.

11 In the expression in Density edit field, replace p with p_atm so the function call reads 
rho(p_atm[1/Pa],T[1/K])[kg/m^3]. In this way, the density is calculated under 
atmospheric conditions.

12 From the Subdomain selection list select Subdomain 5 (the screw stopper) and 
Subdomain 7 (the plastic ring).

13 Click the Load button. Select the material MEMS Material Properties>Polymers>Nylon, 
then click OK to close the Materials/Coefficients Library dialog box.

14 Click OK to close the Subdomain Settings dialog box.

B O U N D A R Y  C O N D I T I O N S

1 Select Physics>Boundary Settings.

2 From the Boundary selection list, select the boundaries that enclose the coffee except 
for the ones that coincide with the axis of symmetry. Press and hold the Ctrl key 
when making this multiple selection. Verify that you have selected Boundaries 8, 23, 
32, and 37. 

3 Change the selection in the Boundary condition list to Temperature.

4 In the T0 edit field for Temperature enter 95[degC].

5 Select the bottom of the thermos (Boundary 2). Notice that Thermal insulation is the 
default setting, which you can keep. Analogously, the boundaries on the axis of 
symmetry are already set up correctly as Thermal insulation.
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6 Click OK.

7 Select File>Save As and save the model with the name Thermos_start.

L O A D I N G  A  H E A T - TR A N S F E R  C O E F F I C I E N T  F U N C T I O N

1 Select Physics>Boundary Settings.

2 From the Boundary selection list, select the outer surfaces of the thermos 
(Boundaries 13, 25, 26, 28, and 38).

3 Select Heat flux from the Boundary condition list.

4 Click the Load button to access the Materials/Coefficients Library.

5 Select Heat Transfer Coefficients>Nat. Vertical wall, L=height, then click OK. This loads 
the heat transfer coefficient function to the boundary-condition settings.

The function you loaded is valid for cases of natural convection to air for vertical 
surfaces. It requires you to input the surface and ambient air temperatures (in 
kelvin) plus the wall height in meters. The temperatures are set to the variable T and 
the value in the Tinf edit field (which has the variable name Tinf_htgh), respectively; 
you can keep these values but you need to modify the wall height entry:

6 In the h edit field replace L_htgh (the third argument for h_ave) with your constant 
for the height, Length.

The function in the h edit field should read  
h_ave(T[1/K],Tinf_htgh[1/K],Length[1/m])[W/(m^2*K)] in a bold font.

7 In the Tinf edit field type T_amb.

8 Click OK.

M E S H  A N D  S O L V E

Click the Solve button on the Main toolbar.

PO S T P R O C E S S I N G

The default plot shows the temperature. To change the unit in the plot to degrees 
Celsius, do as follows:

1 Click the Plot Parameters button on the Main toolbar.

2 In the dialog box that opens, click the Surface tab. In the Unit list select oC, then click 
OK.
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This results in the following plot:

Your main interest with the model is to calculate the cooling power, which indicates 
how long the coffee stays hot. It is easy to compute the heat loss to the air using the 
Postprocessing>Boundary Integration dialog box according to the following steps.

1 Select Postprocessing>Boundary Integration.

2 Change the selection in the Predefined quantities list to Normal total heat flux. Note 
that the outer surfaces of the thermos (Boundaries 13, 25, 26, 28, and 38) are still 
selected from the previous operation.

3 Select the Compute surface integral (for axisymmetric modes) check box, then click 
OK to integrate.

COMSOL Multiphysics posts the results of the integration in the message log at the 
bottom of the user interface. The heat-loss rate of the thermos is 11.1 W.

A second question concerns how the cooling power is distributed on the thermos 
surface. The heat transfer coefficient represents this property. 

1 To visualize the value of the heat transfer coefficient on the thermos surface, select 
Postprocessing>Domain Plot Parameters.
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2 On the Line/Extrusion page go to the Predefined quantities list and select Heat transfer 

coefficient.

3 From the Boundary selection list select Boundaries 13, 25, 26, 28, and 38 (the outer 
surface of the thermos).

4 From the x-axis data list select z, then click Apply.

These steps produce the following plot of the heat transfer coefficient of the thermos 
surface:

As you can see, the value of h is in the range of 4 to 4.5 W/(m2·K).

Do not close the plot window; later you plot more information in the same figure.

Finally, plot the temperature of the thermos surface.

1 In the Domain Plot Parameters dialog box click the Line/Extrusion tab. In the 
Predefined quantities list select Temperature and in the Unit list select oC.

2 On the General page, select New figure from the Plot in list, then click OK.

The temperature of the thermos surface is in the range of 36 °C to 45 °C along its 
height.

3 Choose File>Save As and save the model with the name Thermos_load_h.
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Approach 2—Modeling the External Flow

Model Library path: Heat_Transfer_Module/Tutorial_Models/
thermos_laminar_flow

M O D E L  N A V I G A T O R

The following instructions are based on continuing with the previous model.

1 Select Multiphysics>Model Navigator.

2 From the list of application modes select Heat Transfer Module>Weakly Compressible 

Navier-Stokes>Steady-state analysis.

3 Click the Add button, then click OK.

The flow application mode is valid only in the air, Subdomain 6. Deactivate the flow 
equations in the other subdomains.

1 Select Physics>Subdomain Settings.

2 Select Subdomains 1–5, and 7 (all subdomains except the air, Subdomain 6).

3 Clear the Active in this domain check box, then click Apply.

4 In the Subdomain selection list, select Subdomain 6.

5 Select Air, 1 atm from the Library material list.

6 In the Fz edit field type 9.81[m/s^2]*(rho_air_ref-rho_chns).

Doing the above steps models the buoyancy force. The variable rho_chns refers to 
the material-property edit field for density in this application mode (named chns, 
thus the designation rho_chns). It uses the material-library function for the density 
and so it is temperature dependent.

7 Click the Density tab.

8 Edit the ρ edit field so that it reads rho((p+p_atm)[1/Pa],T[1/K])[kg/m^3].

This is done so that the variable p corresponds to the pressure variations.

9 Select the Pressure p check box.

10 Select the Temperature check box and type T in the Name of temperature variable.

These steps configure the GLS artificial diffusion to keep the calculations stable.

11 Click OK.
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E X P R E S S I O N S

Next create the variable rho_air_ref, the density of air at the ambient pressure and 
temperature.

1 Select Options>Expressions>Scalar Expressions.

2 Set up a new variable with Name rho_air_ref defined by the Expression 
mat2_rho(p_atm[1/Pa],T_amb[1/K])[kg/m^3]. Optionally, enter Density of 
air at ambient pressure and temperature in the Description column.

3 Click OK.

This expression calls the density function of Material 2 in the model, which here is air. 
It evaluates the density at the temperature Tamb and the pressure patm. If you want to 
check the assigned number of a loaded material, choose Options>Materials/Coefficients 

Library and look in the Model folder. The material Air, 1 atm is second in the list and 
thus is Material 2.

P H Y S I C S  S E T T I N G S

Subdomain Settings—General Heat transfer
Now reactivate the heat transfer equations in the surrounding air domain, couple them 
to the fluid-flow velocities, and define the material properties.

1 Select Multiphysics>General Heat Transfer.

2 Select Physics>Subdomain Settings.

3 In the Subdomain selection list, select Subdomain 6 (the surrounding air).

4 Select the Active in this domain check box.

5 Select Air, 1 atm from the Library material list.

6 On the Convection page select the Enable convective heat transfer check box.

7 Edit the ρ edit field so that it reads rho((p+p_atm)[1/Pa],T[1/K])[kg/m^3].

8 Enter u and v in the Velocity field edit fields. These are the flow variables. Now you 
have coupled the two application modes and created a multiphysics model.

9 Click the Artificial Diffusion button.

10 Select the Streamline diffusion check box, select Galerkin least-squares (GLS) from the 
corresponding list, and click OK.

11 Click OK.

Boundary Conditions—General Heat Transfer
1 Select Physics>Boundary Settings.
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2 Select Boundary 12 and set the Boundary condition to Axial symmetry.

3 Select Boundary 14 and set the Boundary condition to Convective flux. This means 
that the outflux of heat is dominated by convection and that the temperature 
gradients are zero.

4 Select Boundary 29. Verify that the boundary condition defaults to Thermal 
insulation.

5 Select Boundary 30 and change the Boundary condition to Temperature.

6 In the Temperature edit field type T_amb, then click OK.

Boundary Conditions—Weakly Compressible Navier-Stokes
1 Select Multiphysics>Weakly Compressible Navier-Stokes.

2 Select Physics>Boundary Settings. Set boundary conditions according to the table

3 Click OK.

M E S H I N G  A N D  S O L V I N G

Natural-convection problems can be difficult to solve because the flow is internally 
driven with a certain boundary layer. A successful solution requires a sufficient 
resolution of the boundary layer that forms on all no-slip surfaces. 

You can build successful meshes in two ways. First, with enough experience you can 
set up the mesh yourself in the Mesh Parameters dialog box. If the problem does not 
converge, the mesh probably needs more attention. The second approach is to use 
COMSOL Multiphysics’ adaptive solver, which is handy. However, it requires a 
converged solution to refine the mesh and typically needs some tuning.

In this case, a mesh with quad-elements proves very efficient.

1 Select Mesh>Free Mesh Parameters.

2 Click the Subdomain tab.

3 Select Subdomain 6.

SETTING BOUNDARY 12 BOUNDARY 14 BOUNDARY 30 BOUNDARIES 
13, 25, 26, 28, 
29, 38

Boundary 
type

Symmetry 
boundary

Outlet Open boundary Wall

Boundary  
condition

Axial symmetry Normal stress Normal stress No slip

f0 0 0
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4 In the Maximum element size edit field, type 0.005.

5 From the Method list, select Quad.

6 Click the Remesh button and then click OK.

The solver settings are inherited from the General Heat Transfer application mode. 
The system including the Weakly Compressible Navier-Stokes is more complicated, 
however, and requires some tuning of the solver settings.

1 Select Solve>Solver Parameters.

2 Click the Stationary Tab.

3 Select the Highly nonlinear problem check box.

4 Click the Advanced tab.

5 From the Type of scaling drop-down menu, select None because no scaling provides 
better convergence for models that include fluid flow.

6 Click OK.

7 Click the Solve button on the Main Toolbar.

PO S T P R O C E S S I N G

In the drawing area a plot similar to the one in the following figure appears.
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Evaluate the integral heat flux for this final model.

1 Once again select Postprocessing>Boundary Integration.

2 Select the outer surfaces of the thermos (Boundaries 13, 25, 26, 28, and 38).

3 In the Expression edit field type abs(ntflux_htgh), then click OK.

The value in the message log is approximately 11.08 W. 

The following steps show how to plot the distribution of the h coefficient along the 
thermos surface:

1 Select Postprocessing>Domain Plot Parameters.

2 If you still have the results for h from the previous model open in a plot figure, go 
to the General page, select Figure 1 from the Plot in list, and select the Keep current 

plot check box.

3 Click the Line/Extrusion tab and verify that Boundaries 13, 25, 26, 28, and 38 are 
still selected. 

4 Click the Line Settings button, select the Dashed line style, and click OK.

5 In the Expression edit field type abs(ntflux_htgh)/(T-T_amb), which 
corresponds to a calculated heat transfer coefficient.

6 Select z in the x-axis data list, then click OK. 
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You get the following plot:

Now move on to study the velocity field and the flow lines.

1 Click the Plot Parameters button on the Main toolbar.

2 On the Surface page, select Weakly Compressible Navier-Stokes (chns)>Velocity field 
from the Predefined quantities list.

3 Go to the Streamline page and select the Streamline plot check box to enable the plot.

4 In the Predefined quantities list select Weakly Compressible Navier-Stokes 

(chns)>Velocity field.

5 In the Streamline plot type list select Magnitude controlled.
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6 Click OK to get the following plot:
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Bu i l d i n g  and S o l v i n g  a  Rad i a t i o n  
Mode l

The following example shows how to build and solve a radiative heat transfer problem 
using the General Heat Transfer application mode. In particular, this 2D model 
illustrates the use of the surface-to-surface radiation feature. This example’s simple 
geometry allows a comparison of results from COMSOL Multiphysics with a 
theoretical solution. 

Model Definition—Radiation in a Cavity

The geometry consists of three rectangles with lengths 3, 4, and 5 m, and all have a 
width of 1 m. The rectangles are situated such that they form a triangular cavity (see 
Figure 4-34). 

Figure 4-34: Three subdomains form a triangular cavity to study heat radiation.

The rectangles are made of copper, which is a good thermal conductor, and they 
transfer heat internally by conduction. Further, the three inner boundaries that form 
the cavity can exchange heat only by means of surface-to-surface radiation. The surface 
emissivities are ε1 = 0.4 on the bottom boundary, ε2 = 0.6 on the vertical boundary, 
and ε3 = 0.8 on the inclined boundary.

q2

q3

T1

ε1

ε2ε3
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The system holds the temperature on the (outer) lower boundary at T1 = 300 K. 
Further, the system experiences an inward heat flux of q2 = 2000 W/m2 on the outer 
boundary of the vertical rectangle and q3 = 1000 W/m2 on the outer boundary of the 
tilted one. All remaining outer boundaries are insulated.

This model examines the steady state of the cavity’s interior boundaries. Specifically, 
you know the value of the heat flux on the inclined and vertical boundaries, and you 
want to find the temperature along these boundaries. Conversely, you know the 
temperature of the bottom boundary and want to determine the heat flux that leaves 
through it.

Results

Figure 4-35 shows the temperature field resulting from a simulation. If you run the 
model as described later in this section you can see from the color display that the 
temperatures are fairly constant within the three rectangles. The theoretical results 
predict that a heat flux Q1 = −11,000  leaves the cavity through the bottom boundary, 
that the vertical boundary has a temperature of T2 = 641 K, and that the inclined 
boundary has a temperature of T3 = 600 K. The results obtained are very close to these 
theoretical values. The section “Comparing Results with Theory” on page 121 
provides more details on the verification of these results. 

Figure 4-35: Temperature as a function of position.
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Figure 4-36 details the temperature distribution along the inclined boundary of the 
cavity. Note that while the temperature is not constant, it varies by only a few percent. 
The lowest temperature appears on the bottom left, and the highest temperature is on 
the right, which seems reasonable because that portion of the boundary is located 
adjacent to the vertical boundary, which has the highest inward heat flux.

Figure 4-36: Temperature distribution along the inclined boundary of the cavity.
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Figure 4-37 plots the radiosity along the inclined boundary (in other words, the total 
heat flux that leaves the boundary into the cavity). The radiosity is the sum of the heat 
flux the boundary emits plus the heat flux it reflects.

Figure 4-37: Radiosity along the inclined boundary of the cavity.

Like temperature, the radiosity is fairly constant along the boundary. The small 
variations have roughly the same distribution as the temperature in Figure 4-36.

Reference

1. A. Bejan, Heat Transfer, Wiley, 1993.

Model Library path:  
Heat_Transfer_Module/Tutorial_Models/cavity_radiation
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Modeling Using the Graphical User Interface

M O D E L  N A V I G A T O R

1 Open the Model Navigator and click the New tab.

2 Select 2D from the Space dimension list.

3 In the list of application modes select Heat Transfer Module>General Heat Transfer.

4 Click OK.

O P T I O N S  A N D  S E T T I N G S

1 From the Options menu select Axes/Grid Settings. In the resulting dialog box enter 
these limits; when done, click OK.

2 From the Options menu select Constants, then make these entries; when done, click 
OK.

G E O M E T R Y  M O D E L I N G

The geometry consists of three rectangles positioned such that they create a triangular 
cavity. To ensure that their corners do not touch, offset the rectangles a very small 
amount to prevent them from exchanging heat by conduction.

1 Press the Shift key and click the Rectangle/Square button on the Draw toolbar. 

PROPERTY VALUE

x min -2

x max 8

y min -2

y max 6

NAME EXPRESSION

epsilon1 0.4

epsilon2 0.6

epsilon3 0.8

q2 2000

q3 1000

T1 300

Tamb 300
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2 In the resulting dialog box enter these properties; when done, click OK.

3 In the same manner, create a second rectangle using these properties:

4 For the third rectangle you must also specify a rotation angle. Define the rectangle 
with these properties, then click OK.

PROPERTY VALUE

Width 4

Height 1

x-position 0

y-position -1.001

PROPERTY VALUE

Width 1

Height 3

x-position 4.001

y-position 0

PROPERTY VALUE

Width 5

Height 1

x-position -0.001

y-position 0.001

α 180/pi*atan(3/4)
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The completed geometry for the radiation model.

P H Y S I C S  S E T T I N G S

Subdomain Settings
Conduction is the only heat transfer mechanism in all three subdomains. COMSOL 
Multiphysics sets its default thermal material properties for copper, which is a good 
thermal conductor. Even so, you still must set a few parameters.

1 Go to the Physics menu and select Subdomain Settings.

2 In the dialog box select Subdomains 1, 2, and 3, then verify that the check box for 
Enable conductive heat transfer is selected.

3 Also verify that the check box on the Convection tab is cleared.

4 Click the Init tab and set the initial Temperature to Tamb.

5 Click OK.
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Boundary Conditions
From the Physics menu, open the Boundary Settings dialog box and enter boundary 
conditions from the following two tables; when done, click OK.

M E S H  G E N E R A T I O N

1 From the Mesh menu select Free Mesh Parameters.

2 On the Boundary tab, select Boundaries 3, 6, and 9, and then enter a Maximum 

element size of 5e-2.

3 On the Point tab, select Points 2, 4, 6, 8, 9, and 10, and then enter a Maximum 

element size of 1e-2.

4 Click Remesh, then click OK.

C O M P U T I N G  T H E  S O L U T I O N

1 From the Solve menu select Solver Parameters.

2 Click the Stationary tab and enter a value of 50 in the Maximum number of iterations 
edit field.

3 Click OK.

4 Click the Solve button on the Main toolbar.

SETTINGS BOUNDARY 2 BOUNDARY 12 BOUNDARY 5 BOUNDARIES 
1, 4, 7, 8, 10, 11

Type Heat flux Heat flux Temperature Thermal insulation

T0 T1

q0 q3 q2

Radiation type None None None

SETTINGS BOUNDARY 3 BOUNDARY 6 BOUNDARY 9

Type Heat flux Heat flux Heat flux

q0 0 0 0

Radiation type Surface-to-surface Surface-to-surface Surface-to-surface

 ε 0.8 0.4 0.6

Tamb Tamb Tamb Tamb

Surface radiosity expression J J J

Member of group(s) 1 1 1
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PO S T P R O C E S S I N G  A N D  V I S U A L I Z A T I O N

The default plot is the temperature field (Figure 4-35). The following steps reproduce 
Figure 4-36, which shows the temperature on the inclined boundary:

1 From the Postprocessing menu select Domain Plot Parameters.

2 On the General page, click the Line/Extrusion plot button in the Plot type area.

3 Click the Line/Extrusion tab.

4 In the Boundary selection list select Boundary 3.

5 From the list of Predefined quantities select Temperature, then click Apply.

To reproduce Figure 4-37, which shows the radiosity on the inclined boundary, follow 
these steps:

1 From the Postprocessing menu return to the Domain Plot Parameters dialog box.

2 From the list of Predefined quantities select Surface radiosity expression. Click OK.

Comparing Results with Theory

As mentioned at the start of this section, you can compare the results from this model 
to theoretical values, which are based on the sketch in Figure 4-38 and whose theory 
appears in the section “Enclosures with More Than Two Surfaces” in Ref. 1.

Figure 4-38: Problem sketch for theoretical analysis of radiation in a triangular cavity.

The theoretical model considers only the three boundaries that form the cavity. On 
these boundaries, the model either holds the temperature at a constant value or 
specifies a heat flux. Note that this approach differs somewhat from the model, which 
sets temperatures and heat fluxes on the rectangles’ outer boundaries.

Q2

T1

Q3

L2

L1

L3 ε2

ε3

ε1
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Note, however, that the model shows that the temperatures and heat fluxes are nearly 
equal on the inner and outer boundaries of the rectangles. Therefore, the theoretical 
model is a good approximation of the model.

Using the notation from Figure 4-38 with the same assumptions as for the model, you 
obtain the following lengths and emissivities:

L1 = 4 m, ε1 = 0.4

L2 = 3 m, ε2 = 0.6

L3 = 5 m, ε3 = 0.8

The boundary conditions define either the temperature or the heat flux on each 
boundary. Now apply the same boundary conditions as in the problem where you set 
values for T1, Q2, and Q3. You must, however, make a small adjustment for T1 because 
the theoretical configuration sets it on the outer boundary and not on the cavity side. 
T1 is therefore slightly higher than 300 K in the theoretical analysis:

You describe the heat flux from a boundary with the following two equations:

For a triangular cavity, the following equation gives the view factor between surface i 
and surface j:

Substituting this expression for the view factor into the second equation for the heat 
fluxes results in a linear systems of six equations. The six unknowns for this particular 
problem are J1, J2, J3, Q1, T2, and T3, and you would like to compare the three last 

T1 307 K=

Q2 q2L2 2000 W
m
----- 3 m× 6000 W= = =

Q3 q3L3 1000 W
m
----- 5 m× 5000 W.= = =

Qi Li
εi

1 εi–
------------- σTi

4 Ji–( )=

Qi Li Fik Ji Jk–( ).
k
∑=

Fij
Li Lj Lk–+

2Li
------------------------------.=
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to those from the solution. Solving the linear system yields the following values: Q1 = 
−11,000 W/m, T2 = 641 K, and T3 = 600 K.

To compare these results with the model, you must find the total heat flux through the 
cavity’s bottom (horizontal) boundary and also calculate the average temperatures on 
the other two boundaries. Compute these values by integrating along the boundaries. 

First find the total heat flux through the horizontal boundary in the model.

1 From the Postprocessing menu select Boundary Integration.

2 From the Boundary selection list select Boundary 6, then go to the Predefined 

quantities list and select Normal conductive heat flux. Click Apply.

The total heat flux now appears in the lower left corner of the main graphical user 
interface. The result should be approximately −10,980 W/m. 

Next find the mean temperatures on the vertical and inclined boundaries of the cavity.

1 While still in the Boundary Integration dialog box, go to the Boundary selection list 
and select 9 (the vertical boundary). In the Expression edit field enter T/3; division 
by three corresponds to the boundary length.

2 Click Apply. The resulting temperature, read from the bottom of the user interface, 
is approximately 641 K.

3 Similarly, to obtain the mean temperature for the inclined boundary, go to the 
Boundary selection list and choose number 3. In the Expression edit field you this 
time enter T/5.

4 Click Apply. The resulting temperature is approximately 597 K.

The following table compares the results from COMSOL Multiphysics with the 
theoretical values:

The differences are quite small. Also note that the theoretical model includes some 
simplifications. For example, it assumes that heat fluxes and temperatures are constant 
along each boundary. It also assumes a constant view factor for each pair of boundaries, 
whereas COMSOL Multiphysics computes a local view factor at each point of the 
cavity.

QUANTITY COMSOL MULTIPHYSICS THEORY

Q1 -10,980 W/m -11,000 W/m

T2 645 K 641 K

T3 601 K 600 K
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Ou t - o f - P l a n e  H ea t  T r a n s f e r

This section demonstrates how to use the out-of-plane heat transfer feature of the 
General Heat Transfer application mode.

This example models heat transfer in a thin rectangular metal plate. Because the plate’s 
thickness is only 1/100 of its length and width, you simulate the process using a 2D 
approximation (that is, assume the temperature is constant along the thickness). The 
plate has a fixed temperature at one end and is isolated on the other. A surrounding 
liquid cools the plate by convection. In addition, the model considers 
surface-to-ambient radiation.

Model Definition—Thin Plate

The plate measures 1-by-1 m, with a thickness of 0.01 m. Figure 4-39 describes the 
simplification from 3D to 2D.

Figure 4-39: Model geometry reduction from 3D to 2D.

The stationary heat transfer equation for this 2D problem is

In this case the problem is symmetric, making the upside constants equal to the 
downside ones. For constants set h, the heat transfer film coefficient, to 10 W/(m2·K), 
and set the emissivity, ε, to 0.5. The ambient and external temperatures, Tamb and 
Text, are both 300 K. This model also uses the default material properties for the 
application mode, and they correspond to copper. The variable dz denotes the plate’s 
thickness.

Finally, set the left boundary to a fixed temperature of 800 K, while the other 
boundaries are thermally insulated.

∇ dzk T∇–( )⋅ dzQ hu Text u, T–( ) hd Text d, T–( )+ + +=

εuσ T4
amb u, T4

–( ) εdσ T4
amb d, T4

–( ).+
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Results

Figure 4-40 shows the steady-state temperature distribution.

Figure 4-40: Stationary temperature distribution in the plate.

You can also plot the out-of plane fluxes for the convection and radiation.

It is interesting to compare the results from this 2D approximation with the equivalent 
full 3D model. Figure 4-41 shows the temperature along the bottom edge of the 2D 
model and the corresponding 3D result. The results are in such good agreement that 
except for the colors on the computer screen you cannot even distinguish between the 
two curves.
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]

Figure 4-41: Comparison of the temperature (from left to right in the plate) from both the 
2D out-of-plane model and the full 3D model. The curves coincide to a very high degree, 
making it difficult to tell them apart.

This agreement with the 3D result means that the approximation you made about zero 
temperature gradients along the plate thickness is accurate. Thus, for slender 
geometries, the out-of plane application mode significantly reduces the numerical load 
with negligible effects on accuracy.

Model Library path: Heat_Transfer_Module/Tutorial_Models/
thin_plate_2d

Model Library path: Heat_Transfer_Module/Tutorial_Models/
thin_plate_3d
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Modeling Using the Graphical User Interface 

M O D E L  N A V I G A T O R

1 Open the Model Navigator and click the New tab. Verify in the Space dimension list 
that you have selected 2D.

2 From the list of application modes select Heat Transfer Module>General Heat Transfer.

3 Click OK.

A P P L I C A T I O N  M O D E  P R O P E R T I E S

1 From the Physics menu select Properties.

2 In the dialog that appears, go to the Out-of-Plane heat transfer list and select Enabled.

3 Click OK.

G E O M E T R Y  M O D E L I N G

1 Press the Shift key and click the Rectangle/Square button in the Draw toolbar.

2 In the dialog box that appears, accept the default rectangle properties by clicking OK.

3 Click Zoom Extents on the Main toolbar.

P H Y S I C S  S E T T I N G S

Subdomain Settings—General Heat Transfer
1 From the Physics menu select Subdomain Settings.

2 In the Subdomain selection list choose 1. On the Conduction page, accept the default 
material properties (that is, make no changes).

3 On the Out-of-plane page, enter the following settings; when done, click OK.

OBJECT DIMENSIONS EXPRESSION

Width 1

Height 1

Base Corner

x-position 0

y-position 0

PROPERTY VALUE

hu 10

hd 10
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Boundary Conditions—General Heat Transfer
1 Go to the Physics menu and select Boundary Settings.

2 In the Boundary selection list choose 1. Enter these settings; when done, click OK.

M E S H  G E N E R AT I O N

Click the Initialize Mesh button on the Main toolbar.

C O M P U T I N G  T H E  S O L U T I O N

Click the Solve button on the Main toolbar.

P O S T P R O C E S S I N G  A N D  V I S U A L I Z A T I O N

The default plot shows the temperature distribution along the plate (Figure 4-40).

To generate the plot in Figure 4-41 follow these steps:

1 From the Postprocessing menu select Domain Plot Parameters.

2 Click the Line/Extrusion tab. From the Boundary selection list select number 2.

3 Click the Line Settings button at the bottom of the dialog box. In the Line style list 
select Dashed line, then click OK.

4 Click OK again.

5 Save this model by clicking the Save button on the Main toolbar and giving it a name 
of your choice.

Text,u 300

Text,d 300

 εu 0.5

 εd 0.5

Tamb,u 300

Tamb,d 300

dz 0.01

Boundary condition Temperature

T0 800

Radiation Type None

PROPERTY VALUE
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6 Open the equivalent 3D model by going to the File menu and selecting New. The 
Model Navigator opens up. Click the Model Library tab and from the list select Heat 

Transfer Module>Tutorial Models>thin plate 3D. Click OK.

7 From the Postprocessing menu select Domain Plot Parameters.

8 On the General page go to the Plot in list at the bottom of the dialog box and select 
Figure 1. In addition, set the Keep current plot check box to plot in Figure 1 without 
deleting the existing trace.

9 Click the Line/Extrusion tab. In the Edge selection list select 5.

10 Click the Line Settings button, and in the Line color list select Color.

11 From the Line style list select Dash-dot line, then click OK.

12 Click OK to create the dual-trace plot.
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H i gh l y  C onduc t i v e  L a y e r s

This section demonstrates how to use the highly conductive layer feature of the 
General Heat Transfer application mode.

Model Definition—Copper Layer on Silica Glass

This example constructs a 2D time-dependent model of a silica glass block that is 
coated with a thin copper layer. Figure 4-42 shows the model geometry and boundary 
conditions. 

Figure 4-42: Model geometry for a silica block with a copper layer.

The model sets the initial temperature to 300 K. The following table shows the 
thermal properties for silica glass and copper:

The thermal conductivity of copper is much higher than that for silica glass. That fact, 
and also considering that the copper layer is thin, makes it possible to model it as a 
highly conductive layer. Using this feature you do not need to resolve the thin layer 
with an extremely fine mesh, which would require a significantly larger computation 
time.

QUANTITY SILICA GLASS COPPER DESCRIPTION

 ρ 2203 kg/m3 8700 kg/m3 Density

 Cp 703 J/(kg·K) 385 J/(kg·K) Specific heat

 k 1.38 W/(m·K) 400 W/(m·K) Thermal conductivity

0.02m

0.01m
600K

300K

10-4m
copper layer

silica glass
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Results

Figure 4-43 shows the temperature field after 1 s, 3 s, 10 s, and 60 s. The results show 
that the temperature rise is faster in the copper layer than in the silica glass. After 60 s 
the temperature field has almost reached steady state, and the temperature field varies 
linearly between the two vertical boundaries.

Figure 4-43: Temperature field after 1, 3, 10, and 60 seconds.

Model Library path: Heat_Transfer_Module/Tutorial_Models/copper_layer

You can compare the results in this model with a model where the copper layer has 
been meshed instead of using the highly conductive layer feature. This model produces 
the same results, but requires a denser mesh and longer computation time.

The reference model can be found at the following location:
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Model Library path: Heat_Transfer_Module/Tutorial_Models/
copper_layer_meshed

Modeling Using the Graphical User Interface

M O D E L  N A V I G A T O R

1 Open the Model Navigator and click the New tab.

2 From the Space dimension list select 2D.

3 In the list of application modes select Heat Transfer Module> 
General Heat Transfer>Transient analysis.

4 Click OK.

G E O M E T R Y  M O D E L I N G

1 Shift-click the Rectangle/Square button on the Draw toolbar.

2 In the dialog box that appears, enter these rectangle properties; when finished, click 
OK.

3 Click the Zoom Extents button on the Main toolbar.

P H Y S I C S  S E T T I N G S

Boundary Conditions
1 From the Physics menu select Boundary Settings.

2 From the Boundary selection list select 1. From the Boundary condition list select 
Temperature, then in the T0 edit field type 300.

3 Repeat this procedure for Boundary 4, except in the T0 edit field type 600.

4 From the Boundary selection list select 3, then click the Highly Conductive Layer tab.

5 Select the Enable heat transfer in highly conductive layer check box.

6 Click the Load button, go to the Materials list and select Basic Material 

Properties>Copper. Click OK.

OBJECT DIMENSIONS EXPRESSION

Width 0.02

Height 0.01
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7 In the ds edit field type 1e-4, then click OK.

Subdomain Settings
1 From the Physics menu select Subdomain Settings.

2 In the Subdomain selection list choose number 1, then make sure the Enable 

conductive heat transfer check box is selected.

3 Click the Load button. In the Materials list select Basic Material Properties>Silica glass. 
Click OK.

4 Click the Init tab. In the T(t0) edit field type 300, then click OK.

C O M P U T I N G  T H E  S O L U T I O N

1 From the Solve menu select Solver Parameters.

2 Examine the Solver list and verify that Time dependent is selected.

3 In the Times edit field type 0:1:60, then click OK.

4 Click the Solve button on the Main toolbar.

PO S T P R O C E S S I N G  A N D  V I S U A L I Z A T I O N

The default plot shows the temperature field after 60 s. The following steps describe 
how to view the temperature field at other times.

1 From the Postprocessing menu select Plot Parameters.

2 Click the General tab.

3 From the Solution at time list select the desired solution time. Click Apply.

You can also generate an animation of the process in this way:

1 In the Plot Parameters dialog box click the Animate tab.

2 In the Solutions to use list make sure all the times are selected.

3 Click the Start Animation button.
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 5
T h i n  C o n d u c t i v e  S h e l l
Thin conductive shells are useful for modeling heat transfer in structure. This 
chapter describes how to use the Thin Conductive Shell application mode.
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Th e  Th i n  Condu c t i v e  S h e l l  
App l i c a t i o n  Mode

The Thin Conductive Shell application mode is suitable for solving 
thermal-conduction problems in thin structures. 

This application modes support two types of heat transfer: conduction and 
out-of-plane heat transfer. Because the thermal conductivity across the shell thickness 
is very large or the shell is so thin, you can assume constant temperature through the 
shell thickness. The dependent variable is the temperature T. The application mode is 
defined on 3D faces. The governing equation for heat transfer in thin shells is:

This section shows how to work with this application mode by solving this equation. 
The discussion describes the application mode in this order:

• Properties

• Scalar Variables

• Material

• Out-of-Plane Heat Transfer

• Edge Conditions

δtsρdzCp t∂
∂T dz∇T kg TT∇–( )⋅+ Q hu Text u, T–( ) hd Text d, T–( )+ +=

ε+ uσ T4
amb u, T4

–( ) εdσ T4
amb d, T4

–( ) qu qd+ + +
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Properties

Open the Application Mode Properties dialog box by going to the Physics menu and 
selecting Properties.

Figure 5-1: The Application Mode Properties dialog box.

In the resulting dialog box you control various global settings for the model:

•  Default element type When you make a selection from this list of available elements 
it becomes the default on all new boundaries but does not affect faces you already 
created. Available elements are:

-  Lagrange - Linear

-  Lagrange - Quadratic (default)

-  Lagrange - Cubic

-  Lagrange - Quartic

-  Lagrange - Quintic

•  Weak constraints: Controls whether or not weak constraints are active. Weak 
constraints introduce Lagrange multipliers, which provide extremely accurate flux 
quantities; the standard way of evaluating them involves taking derivatives on 
boundaries, which is a mesh-dependent and less accurate method. When weak 
constraints are enabled, all constraints are weak by default, but it is possible to 
change this setting for individual domains.

•  Constraint type: Constraints can be ideal or non-ideal (see “Ideal vs. Non-Ideal 
Constraints” on page 301 in the COMSOL Multiphsyics Modeling Guide).

Scalar Variables

This application mode only has one scalar variable, the Stefan-Boltzmann constant, σ, 
which specifies the out-of-plane ambient radiation

εuσ T4
amb,u T4

–( )
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where Tamb,u is the ambient temperature, and εu the surface emissivity on the upside 
of the shell.

To open the Scalar Variables dialog box, go to the Physics menu and select Scalar 
Variables.

Figure 5-2: The Application Scalar Variables dialog box.

The following table shows the unit and default value in SI units of the 
Stefan-Boltzmann constant:

Change the default value only if the model uses no base unit system and the data that 
you enter are based on a non-SI unit system.

Material

You specify the material properties and heat source on the Physics page in the Boundary 

Settings dialog box (Figure 5-3).

PROPERTY VARIABLE DESCRIPTION DEFAULT VALUE SI UNITS

σ sigma_htsh Stefan-Boltzmann constant 5.67e-8 W/(m2·K4)
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Figure 5-3: The Boundary Settings dialog box.

The following table contains the shell properties together with their default values.

Time-scaling coefficient   You rarely change the value of δts, but you can use it to change 
the time scale, for example, from seconds to minutes by setting it to 1/60. See the note 
on page 30.

Thermal conductivity   The variable k describes the relationship between the heat flux 
vector q and the temperature gradient  as in

,

QUANTITY VARIABLE DESCRIPTION DEFAULT VALUE SI UNIT

δts Dts Time-scaling coefficient 1 -

k k Thermal conductivity 400 W/(m·K)

kij kij Thermal conductivity tensor 
comp. in shell coord. sys.

400 W/(m·K)

ds ds Shell thickness 0.01 m

ρ rho Density 8700 kg/m3

Cp Cp Heat capacity 385 J/(kg·K)

Q Q Heat source 0 W/m3

T∇

q k∇T–=
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which is Fourier’s law of heat conduction. The conductivity can be either isotropic or 
an anisotropic tensor. In the latter case, you specify the tensor components in the shell 
local coordinate system, which is defined from the geometric tangent and normal 
vectors. The local x direction is the surface tangent vector t1 and the local z direction 
is the normal vector n. Their cross product defines the third orthogonal direction such 
that

is an orthonormal basis aligned with the shell. You can then express the transformation 
matrix from the shell’s local coordinate system to the global system using the local basis 
vectors’ components in the global system:

The global thermal-conductivity tensor used in the equations consists of the local 
tensor entered in the dialog box transformed with A:

Since the conductivity in the direction normal to the shell is from the outset taken to 
be sufficiently high to assume a constant temperature across the thickness, its actual 
value does not matter. Therefore, you can safely ignore the third row and third column 
of the thermal conductivity tensor in local coordinates.

Note: You cannot use anisotropic thermal conductivity together with a moving 
frame, since the Moving Mesh application mode does not define the tangential 
direction vectors. 

Shell thickness   ds defines the shell thickness.

Density   ρ specifies the material’s density. 

exl t1=

eyl ezl exl× n t1×= =

ezl n.=

A

exlx eylx ezlx

exly eyly ezly

exlz eylz ezlz

=

kg AkAt
=
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Heat capacity   Cp describes the amount of heat energy required to produce a unit 
temperature change in a unit mass.

Heat source   Q describes internal heat generation within the shell. It is not a material 
property. 

Out-of-Plane Heat Transfer

You specify the out-of-plane heat transfer using the Out-of-Plane page in the Boundary 

Settings dialog box (Figure 5-4).

Figure 5-4: The Out-of-Plane page.

The out-of plane heat transfer properties are:

QUANTITY VARIABLE DESCRIPTION DEFAULT VALUE SI UNITS

 qu qu Out-of-plane inward heat flux, 
upside 

0 W/m2

 qd qd Out-of-plane inward heat flux, 
downside 

0 W/m2

 hu hu Out-of-plane heat transfer 
coefficient, upside 

0 W/(m2·K)

 hd hd Out-of-plane heat transfer 
coefficient, downside 

0 W/(m2·K)
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You work with these quantities to model heat flux from the surroundings into the shell 
from either its upside or the downside. Because there is no temperature difference 
through the shell thickness, it makes no difference from which side the flux is coming. 
The total out-of-plane flux is:

 Text,u Textu Out-of-plane external 
temperature, upside 

0 K

 Text,d Textd Out-of-plane external 
temperature, downside 

0 K

 εu epsilonu Out-of-plane surface 
emissivity, upside

0 -

 εd epsilond Out-of-plane surface 
emissivity, downside

0 -

 Tamb,u Tambu Out-of-plane ambient 
temperature, upside

0 K

 Tamb,d Tambd Out-of-plane ambient 
temperature, downside

0 K

QUANTITY VARIABLE DESCRIPTION DEFAULT VALUE SI UNITS

qtotal qu qd hu Text u, T–( ) hd Text d, T–( )+ + + +=

εuσ T4
amb u, T4

–( ) εdσ T4
amb d, T4

–( ).+
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Edge Conditions

You specify edge conditions in the Edge Settings dialog box (Figure 5-5).

Figure 5-5: The Edge Settings dialog box.

The available edge conditions are:

The quantities specifying these different edge conditions are:

EDGE CONDITION FORMULA DESCRIPTION

Heat flux Heat flux through in
specified flux, conve
transfer, and radiati

Thermal insulation Thermal insulation 

Temperature Prescribed tempera

q q0 deh Tinf T–( )+= deεσ Tamb
4 T4

–( )+

q 0=

T T0=

QUANTITY VARIABLE DESCRIPTION DEFAULT 
VALUE

SI UNITS

 q0 q0 Inward heat flux 0 W/m

de de Effective edge thickness ds m

 h h Heat transfer coefficient 0 W/(m2·K)

 Tinf Tinf External temperature 0 K

 ε epsilon Edge emissivity 0 -

 Tamb Tamb Ambient temperature 0 K
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Note that the inward heat flux q0 is specified as power per length. The effective edge 
thickness de is the height of the part of the edge which is exposed to the ambient 
surroundings. On a free edge, de is equal to the shell thickness ds, which is also the 
default value.
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Bu i l d i n g  and S o l v i n g  a  Th i n  
Condu c t i v e  S h e l l  Mode l

The following example illustrates how to build and solve a model using the Thin 
Conductive Shell application mode. This model is a 2D NAFEMS benchmark (Ref. 1) 
the author has transformed to 3D. The author also used the unit kelvin (K) for 
temperature, as opposed to the NAFEMS benchmark model, that uses degrees Celsius.

Model Definition—Shell Conduction

G E O M E T R Y

Figure 5-6 describes the 2D benchmark example.

Figure 5-6: 2D benchmark example for a thin conductive shell.

0.6m

1.0 m

x

y

T = 373.15K

Heat transfer by convection
h = 750 W/m2K, 

In
su

la
te

d

Material properties:
k = 52 W/mK

external temperature Text = 273.15K
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The 3D model bends this plate so it becomes a quarter of a cylinder (Figure 5-7.)

Figure 5-7: The 3D geometry based on the 2D model.

Results

The temperature at A in Figure 5-7 is in close agreement with that from the NAFEMS 
benchmark (Ref. 1) as is evident in this table:

RESULT COMSOL MULTIPHYSICS NAFEMS

T (at A) 291.42 K (18.27 °C) 291.40 K (18.25 °C)

x

y z

0.6 m

r = 2/π A
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Figure 5-8 shows the temperature distribution.

Figure 5-8: The resulting temperature field of the 3D model.

Reference

1. J.A. Casey and G.B Simpson, “Two-dimensional steady state,” Benchmark Tests for 
Thermal Analysis, NAFEMS, 1986, Test 10, p. 2.9.

Model Library path: Heat_Transfer_Module/Tutorial_Models/
shell_conduction
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Modeling Using the Graphical User Interface

M O D E L  N A V I G A T O R

1 Open the Model Navigator, click the New tab, and from the Space dimensions list select 
3D.

2 From the list of application modes select Heat Transfer Module>Thin Conductive 

Shell>Steady-state analysis. Click OK.

G E O M E T R Y  M O D E L I N G

1 Click the Cylinder button in the Draw toolbar.

2 To create an open cylinder, go to the Style area and select Face.

3 In the Radius edit field enter 2/pi, and in the Height edit field enter 0.6. Click OK.

4 Click the Split Object button on the Draw toolbar.

5 Using the mouse select faces F1, F2, and F3. Press the Delete key to remove those 
three faces, leaving just one.

6 Click the Zoom Extents button on the Main toolbar.

The geometry after removing three faces of a cylinder.

7 From the Draw menu select Work-Plane Settings.
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8 In the resulting dialog box click OK, which brings up the default work plane.

9 Click the Point button on the Draw toolbar. Then click the cursor on the lower right 
end of the projected 3D face.

10 Click the Rotate button on the Draw toolbar.

11 In the Rotational angle edit field enter 0.2/2*180. Click OK.

The work plane with the repositioned point.
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12 From the Draw menu select Embed then click OK. This step embeds the point where 
you compare the calculated solution with the benchmark.

The embedded measurement point shown on the 3D geometry.

P H Y S I C S  S E T T I N G S

Edge Settings
1 From the Physics menu select Edge Settings.

2 Specify conditions on the edges as follows; when done, click OK.

SETTINGS EDGES 1, 2, AND 4 EDGE 3 EDGE 5

Edge condition Heat flux Insulation/continuity Temperature

h 750[W/(m^2*K)]*ds_htsh

Tinf 273.15

T0 373.15
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The reason for multiplying with the shell thickness variable ds_htsh is that here you 
interpret h as the heat transfer coefficient/length on edges.

Edge Settings dialog box with settings for Edges 1, 2, and 4.

Boundary Conditions
1 From the Physics menu select Boundary Settings.

2 In the resulting dialog box go to the Boundary selection list and choose 1. In the edit 
field for k (isotropic) enter 52.

3 Click OK.

M E S H  G E N E R A T I O N

Click the Initialize Mesh button on the Main toolbar to mesh the geometry with the 
default settings.

C O M P U T I N G  T H E  S O L U T I O N

Click the Solve button on the Main toolbar.

PO S T P R O C E S S I N G  A N D  V I S U A L I Z A T I O N

The default plot is the boundary plot of the temperature T (see Figure 5-8).

The following steps show how to obtain the temperature at the benchmark verification 
point:

1 From the Postprocessing menu choose Point Evaluation.

2 In the Point selection list select 3.
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3 Click OK. COMSOL Multiphysics displays the value of the temperature at Point 3, 
about 291.4 K in the message log at the bottom of the user interface.
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 6
T h e  B i o h e a t  E q u a t i o n
This chapter describes the Bioheat Equation application mode for modeling heat 
transfer within tissue using the bioheat equation.
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Th e  B i o h e a t  Equa t i o n  App l i c a t i o n  
Mode

This section describes the Bioheat Equation application mode in the Heat Transfer 
Module, which is designed to model heat transfer within tissue.

This application mode uses Pennes’ approximation to represent heat sources from 
metabolism and blood perfusion. In addition, it adds a spatial heating source to the 
equation. This third source is useful when modeling how an external source, such as 
an electromagnetic field, heats tissue.

Variables and Space Dimensions

The Bioheat Equation application mode is available in 2D and 3D as well as for 
axisymmetric models using cylindrical coordinates in 2D. The dependent variable is 
the temperature, T.

PDE Formulation

The bioheat equation  is similar to the heat equation for heat conduction except that 
it splits the heat-source term on the right-hand side into three terms that are of interest 
in bioheat transfer problems. Further, the material properties in this equation are 
better suited to the study of heat transfer in tissue. The equation thus takes this form:
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Where on the left-hand side:

• δts is a time-scaling coefficient (dimensionless).

• ρ is the tissue density (kg/m3).

• C is the specific heat of tissue (J/(kg·K)).

• is the tissue’s thermal conductivity tensor (W/(m·K)).

On the right side of the equation, ρb Cb ωb (Tb − T) is a source term for the blood 
perfusion where:

• ρb is the density of blood (kg/m3).

• Cb is the specific heat of blood (J/(kg·K)).

• ωb is the blood perfusion rate (m3/(m3·s)).

• Tb is the arterial blood temperature (K).

Finally, examine the second and third terms on the right side where:

• Qmet is the heat source from metabolism (W/m3).

• Qext is the spatial heat source (W/m3).

For a steady-state problem, the temperature does not change over time, and the first 
term in the bioheat equation disappears.

δts ρ C
t∂

∂T ∇ k T∇–( )⋅+ ρb Cb ωb Tb T–( ) Qmet Qext+ +=

k
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Subdomain Settings

Figure 6-1 shows the dialog box for the Subdomain Settings of the Bioheat Equation 
application mode; here you input properties for the bioheat equation.

Figure 6-1: The Subdomain Settings dialog box.

The subdomain quantities are:

QUANTITY VARIABLE DESCRIPTION

 δts Dts Time-scaling coefficient

 ρ rho Tissue density

 C C Specific heat of tissue

 k k Thermal conductivity of tissue

 Tissue thermal conductivity tensor

 kij kxixj Tissue thermal conductivity tensor, xixj component

 ρb rhob Density of blood

 Cb Cb Specific heat of blood

 ωb wb Blood perfusion rate

 Tb Tb Arterial blood temperature

 Qmet Qmet Metabolic heat source

 Qext Qext Spatial heat source

k
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Time-scaling coefficient   δts is normally 1, but you can change the time scale, for 
example, from seconds to minutes by setting it to 1/60. See also the note on page 30.

Density of tissue    The effective density of the tissue is for all practical purposes equal 
to the density of the tissue-blood continuum, since the vascular volume is much smaller 
than that of the solid tissue.

Specific heat of tissue   C describes the amount of heat energy required to produce a 
unit temperature change in a unit mass of tissue.

Thermal conductivity of tissue   k describes the relationship between the heat flux 
vector q and the temperature gradient as in

, 

which is Fourier’s law of heat conduction. Enter this quantity as the unit power per 
unit length and unit temperature.

Density of blood   Enter ρb as the unit mass per unit volume.

Specific heat of blood   Cb describes the amount of heat energy required to produce a 
unit temperature change in a unit mass of blood.

Blood perfusion rate   ωb describes the volume of blood per second that flows through 
a unit volume of tissue.

Arterial blood temperature   Tb is the temperature at which blood leaves the arterial 
blood veins and enters the capillaries. 

Metabolic heat source   Qmet describes heat generation from metabolism. Enter this 
quantity as the unit power per unit volume.

Spatial heat source   Qext describes heat generation from an external source. Enter this 
quantity as the unit power per unit volume.

T∇

q k T∇–=
T H E  B I O H E A T  E Q U A T I O N  A P P L I C A T I O N  M O D E  |  157



158 |  C H A P T E R
Boundary Condition Types

The available boundary conditions for the Bioheat Equation application mode are:

The boundary conditions available on interior boundaries are:

H E A T  F L U X

The heat flux condition accounts for a general heat flux, as well as that from convection 
as defined by a convective heat transfer coefficient. The application mode interprets the 
heat flux in the direction of the inward normal. Therefore a positive value of q0 
corresponds to a heat source.

• A positive value of q0 represents a heat source on the boundary, for example an 
electrical heater or a known inflow of energy, such as radiation with specified 
intensity. Conversely, a negative value will represent a heat sink. 

• The term h(Tinf – T) models convective heat transfer with the surrounding 
environment, where h is the heat transfer coefficient and Tinf is the external bulk 
temperature. The value of h depends on the geometry and the ambient flow 
conditions. For an introduction on how to calculate and use heat transfer 
coefficients, see “Convective Cooling/Heating and Heat Transfer Coefficients” on 
page 15.

BOUNDARY CONDITION DESCRIPTION

Heat flux

Insulation or symmetry

T = T0 Prescribed temperature

r = 0 Axial symmetry

INTERIOR BOUNDARY CONDITION DESCRIPTION

Heat flux discontinuity

Continuity

T = T0 Prescribed temperature

n– k– ∇T( )⋅ q0 h+ Tinf T–( )=

n– k– ∇T( )⋅ 0=

n k1∇T1 k2∇T2–( )⋅ q0 h+ Tinf T–( )=

n k1∇T1 k2∇T2–( )⋅ 0=

n– k– ∇T( )⋅ q0 h+ Tinf T–( )=
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I N S U L A T I O N  O R  S Y M M E T R Y

This condition applies to boundaries where the domain is well insulated. It can also be 
used to reduce model size by taking advantage of symmetry. 

A X I A L  S Y M M E T R Y

This boundary condition is available only for axisymmetric versions of heat transfer 
application models. Use it on the symmetry axis r = 0. Note that from the 
mathematical point of view, this condition is identical to thermal insulation.

P R E S C R I B E D  TE M P E R A T U R E

This boundary condition prescribes the temperature T0.

H E A T  F L U X  D I S C O N T I N U I T Y

On interior boundaries an assembly pairs you can specify a heat flux discontinuity, 
which is the same thing as a heat source or heat sink. In the equation for this boundary 
condition, the terms on the left are subindexed with “u” for upside and “d” for 
downside. The equation states that the difference between the heat flux on the left and 
the right is equal to the heat source on the boundary.

• Specify q0 to represent a heat source or sink on the interior boundary. Enter a 
positive quantity for a source or a negative quantity for a sink. 

• The second term, h(Tinf − T), models heat exchanged with a fluid flowing in a 
network of thin channels embedded in the boundary. An appropriate value for h can 
for example be found from a local analysis of a unit cell.

This boundary condition is only available at interior boundaries and for assembly pairs 
at boundaries between parts of an assembly.

C O N T I N U I T Y

The default setting for interior boundaries and assembly pairs is Continuity, which is a 
special case of the above Heat flux discontinuity condition. In the absence of sources 

n– k– ∇T( )⋅ 0=

T T0=

n ku∇Tu kd∇Td–( )⋅ q0 h+ Tinf T–( )=

n ku∇Tu kd∇Td–( )⋅ 0=
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or sinks, that condition specifies that the heat flux in the normal direction is continuous 
across the boundary. This boundary condition is only available at interior boundaries 
and for assembly pairs at boundaries between parts of an assembly.

Boundary Settings

You specify the boundary conditions in the Boundary Settings dialog box (Figure 6-2).

Figure 6-2: The Boundary Settings dialog box.

The quantities and variables that specify a boundary condition are:

The next section illustrates how to use the Bioheat Equation application mode.

Reference

1. A. Bejan, Heat Transfer, Wiley, 1993.

QUANTITY VARIABLE DESCRIPTION

q0 q Inward heat flux

h h Convective heat transfer coefficient

Tinf Tinf External (bulk) temperature

T0 T0 Prescribed temperature
 6 :  T H E  B I O H E A T  E Q U A T I O N



Bu i l d i n g  and S o l v i n g  a  B i o h e a t  
Equa t i o n  Mode l

This section explains how to build and solve a 2D axisymmetric model with the 
Bioheat Equation application mode. The model comes from the field of medical 
electronics and describes how a laser beam can irradiate a cancerous tumor. The laser 
irradiation heats the malignant tissue sufficiently to kill the tumor’s cells. The model 
geometry and equations are inspired by a model from Y. He and others (Ref. 1).

Model Definition—Laser Irradiation

Figure 6-3 shows the model geometry. Three regions define the overall tissue area: 
skin tissue, healthy tissue underneath the skin, and the malignant tumor’s tissue. A 
laser device sitting above the skin outputs a beam that irradiates and heats the tissue.

Figure 6-3: Laser irradiation of tissue that contains a tumor.

You model the effects of the laser beam by the spatial heat source

laser device

r

z

tumor tissue

healthy tissue

skin tissue

irradiated
region

Qlaser I0 aeaz r2 2σ2⁄–
=
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where I0 is the irradiation intensity (W/m2) at the skin surface, a is the absorptivity 
(1/m), and the parameter σ (m) determines the width of the irradiated region. The 
metabolic heat generation Qmet equals 400 W/m3.

During a treatment the physician wants to obtain a large temperature rise in the tumor 
while at the same time limiting the temperature rise in the surrounding tissue. To 
create this effect, the tumor tissue must be a good heat absorber relative to the 
surrounding tissue. Therefore, prior to the irradiation procedure the physician injects 
a substance that accumulates in the tumor tissue and raises the absorptivity locally in 
the tumor.

The following table lists the properties of the different regions:

Furthermore, the blood density (ρb) is 1000 kg/m3, the specific heat of blood (Cb) is 
4180 J/(kg·K), and the blood temperature (Tb) is 37 °C.

A fluid with a bulk temperature of 10 °C cools the skin surface. A heat transfer 
coefficient, h, set to 10 W/(m2·K), models the heat flux from the tissue to the fluid.

The heat generated with the laser is small near the remaining outer boundaries of the 
computational domain. It is a fairly good approximation to assume thermal insulation 
for these boundaries.

PROPERTY SKIN TISSUE HEALTHY TISSUE TUMOR TISSUE

Density, ρ (kg/m3) 1200 1050 1050

Thermal conductivity, k (W/(m·K)) 0.2 0.5 0.5

Specific heat, C (J/(kg·K)) 3600 3600 3600

Blood perfusion rate, ωb (1/s) 3·10-3 6·10-3 6·10-3

Absorptivity, a (1/m) 1 1 4
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Results and Discussion

Figure 6-4 shows the temperature field after 300 s. The temperature is highest in the 
tumor tissue. The cooling fluid maintains low temperatures near the skin surface.

Figure 6-4: Temperature field after 300 seconds.

Figure 6-5 shows the temperature increase over time at a point on the boundary of the 
tumor. The temperature rises quickly at the start of the procedure, and it reaches a 
steady-state value at around 61 °C after roughly 500 s. At this stage, the blood 
perfusion and cooling of the skin surface prevents the temperature from increasing 
even more.

Figure 6-5: Temperature as a function of time on the tumor boundary.
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Reference

1. Y. He, S. Minoru, H. Liu, R. Himeno, and T. Kawamura, Numerical and 
Experimental Study on the Human Blood Circulation and Heat Transport 
Phenomena—Thermoregulation in the Periphery and Hyperthermia-induced 
Tumor Blood Flow, http://www.comp-bio.riken.jp/1/download/files/
HE_YING-NAIYOU.pdf (in Japanese).

Model Library path: Heat_Transfer_Module/Tutorial_Models/
laser_irradiation

Modeling Using the Graphical User Interface

M O D E L  N A V I G A T O R

1 Open the Model Navigator and click the New tab. From the Space dimension list select 
Axial symmetry (2D).

2 In the list of application modes select Heat Transfer Module>Bioheat 

Equation>Transient analysis.

3 Click OK.

O P T I O N S  A N D  S E T T I N G S
From the Options menu choose Constants and define the following expressions; when 
finished, click OK.

NAME EXPRESSION

rho_blood 1000[kg/m^3]

C_blood 4200[J/(kg*K)]

T_blood 37[degC]

k_skin 0.2[W/(m*K)]

rho_skin 1200[kg/m^3]

C_skin 3600[J/(kg*K)]

wb_skin 3e-3[1/s]

k_tissue 0.5[W/(m*K)]

rho_tissue 1050[kg/m^3]

C_tissue 3600[J/(kg*K)]

wb_tissue 6e-3[1/s]
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G E O M E T R Y  M O D E L I N G

1 Press the Shift key and click the Rectangle/Square button in the Draw toolbar.

2 In the dialog box that appears enter or select these properties; when done, click OK.

3 In the same manner, create a second rectangle with these properties; when done, 
click OK.

4 Click the Zoom Extents button on the Main toolbar.

5 Press the Shift key and click the Ellipse/Circle (Centered) button on the Draw toolbar.

k_tumor 0.5[W/(m*K)]

rho_tumor 1050[kg/m^3]

C_tumor 3600[J/(kg*K)]

wb_tumor 6e-3[1/s]

Q_met 400[W/m^3]

T0 37[degC]

h_conv 10[W/(m^2*K)]

T_inf 10[degC]

I0 1.4[W/mm^2]

sigma 5[mm]

OBJECT DIMENSIONS EXPRESSION

Width 0.1

Height 0.09

Position: Base Corner

Position: x -0.05

Position: y -0.1

OBJECT DIMENSIONS EXPRESSION

Width 0.1

Height 0.01

Position: Base Corner

Position: x -0.05

Position: y -0.01

NAME EXPRESSION
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6 In the dialog box that appears, enter or select these properties; when done, click OK.

Complete the geometry modeling by removing the geometry in the left half plane with 
the following steps:

1 Select all three objects R1, R2, and C1, then click the Union button on the Draw 
toolbar. This creates the composite object CO1.

2 Press the Shift key and click the Rectangle/Square button in the Draw toolbar.

3 In the dialog box that appears enter or select these properties; when done, click OK.

4 Select rectangle R1 and the composite object CO1 and click the Difference button in 
the Draw toolbar.

P H Y S I C S  S E T T I N G S

1 From the Options menu select Expressions>Scalar Expressions.

2 In the dialog box that appears, enter this name and expression; when done, click OK.

3 From the Options menu select Expressions>Subdomain Expressions.

4 In the dialog box that appears, enter the following expressions for the three 
subdomains (it is necessary to enter the variable a just once); when done, click OK.

OBJECT DIMENSIONS EXPRESSION

Radius 0.005

Position: Base Center

Position: x 0

Position: y -0.05

OBJECT DIMENSIONS EXPRESSION

Width 0.05

Height 0.1

Position: Base Corner

Position: x -0.05

Position: y -0.1

NAME EXPRESSION

Q_laser I0*a*exp(a*z-r^2/(2*sigma^2))

NAME SUBDOMAIN 1 SUBDOMAIN 2 SUBDOMAIN 3

a 0.1[1/m] 0.1[1/m] 4[1/m]
 6 :  T H E  B I O H E A T  E Q U A T I O N



Subdomain Settings
1 From the Physics menu select Subdomain Settings.

2 In the dialog box that appears, enter these properties for the three subdomains:

3 Click the Init tab.

4 Select all three subdomains, then in the Initial temperature edit field type T0.

5 Click OK.

Boundary Settings
1 From the Physics menu select Boundary Settings.

2 Enter the following boundary settings; when done, click OK.

M E S H  G E N E R A T I O N

From the Mesh menu choose Initialize Mesh.

C O M P U T I N G  T H E  S O L U T I O N

1 From the Solve menu choose Solver Parameters.

2 In dialog box that opens go to the Time stepping area, find the Times edit field and 
enter 0:10:600; when done, click OK.

3 Click the Solve button on the Main toolbar.

SETTINGS SUBDOMAIN 1 SUBDOMAIN 2 SUBDOMAIN 3

k (isotropic) k_tissue k_tumor k_skin

ρ rho_tissue rho_tumor rho_skin

C C_tissue C_tumor C_skin

ρb rho_blood rho_blood rho_blood

Cb C_blood C_blood C_blood

ωb wb_tissue wb_tumor wb_skin

Tb T_blood T_blood T_blood

Qmet Q_met Q_met Q_met

Qext Q_laser Q_laser Q_laser

SETTINGS BOUNDARIES 1, 3–5 BOUNDARIES 2, 8, 9 BOUNDARY 7

Type Axial symmetry Thermal insulation Heat flux

h h_conv

Tinf T_inf
B U I L D I N G  A N D  S O L V I N G  A  B I O H E A T  E Q U A T I O N  M O D E L  |  167



168 |  C H A P T E R
P O S T P R O C E S S I N G  A N D  V I S U A L I Z A T I O N

The default plot shows the temperature field after 600 s. To reproduce Figure 6-4, 
which shows the temperature field after 300 s, follow these steps:

1 Click to Zoom In button on the Main toolbar twice.

2 From the Postprocessing menu select Plot Parameters.

3 On the General page, find the Solution at time list and select 300.

4 On the Surface list, find the Unit list and select oC.

5 Click OK.

To create Figure 6-5, which shows the temperature rise over time, follow these steps:

1 From the Postprocessing menu select Domain Plot Parameters.

2 Click the Point tab.

3 From the Point selection list select 6. This action also highlights the selected point 
in the drawing area in red.

4 From the Unit list select oC, then click OK.

Finally, calculate the total laser-induced heat power in the tumor.

1 From the Postprocessing menu select Subdomain Integration.

2 Select Subdomain 2.

3 In the Expression to integrate area, type Q_laser in the Expression edit field.

4 Select the Compute volume integral (for axisymmetric modes) check box.

5 Click OK to compute the integral.

The result—approximately 1.98 W—appears in the message log below the drawing 
area.
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 7
M o m e n t u m  T r a n s p o r t
The Heat Transfer Module extends the CFD capability of COMSOL Multiphysics 
by adding turbulence modeling and support for weakly compressible flows. This 
enables modeling of forced or temperature gradient-driven flows, in both laminar 
and turbulent regimes.
 169



170 |  C H A P T E R
I n t r o du c t i o n

All application modes described in this chapter are based on the Navier-Stokes 
equations, which in their most general form read

 (7-1)

 (7-2)

 (7-3)

where

•  ρ is the density (kg/m3)

•  u is the velocity vector (m/s)

•  p is pressure (Pa)

•  τ is the viscous stress tensor (Pa)

•  F is the body force vector (N/m3)

•  Cp is the specific heat capacity at constant pressure (J/(kg·K))

•  T is absolute temperature (K)

•  q is the heat flux vector (W/m2)

•  Q contains the heat sources (W/m3)

S is the strain rate tensor:

The operation “:” denotes a contraction between tensors defined by

 (7-4)

Equation 7-1 is the continuity equation and represents the conservation of mass. 
Equation 7-2 is a vector equation and represent the conservation of momentum. 
Equation 7-3 describes the conservation of energy, formulated in terms of 

∂ρ
∂t
------ ∇ ρu( )⋅+ 0=

ρ∂u
∂t
------- ρu ∇⋅( )u+ ∇p– ∇ τ F+⋅+=

ρCp
∂T
∂t
------- u ∇⋅( )T+⎝ ⎠
⎛ ⎞ ∇ q⋅( )– τ:S T

ρ
---- ∂ρ

∂T
-------

p

∂p
∂t
------ u ∇⋅( )p+⎝ ⎠
⎛ ⎞– Q+ +=

S 1
2
--- ∇u ∇u( )T+( )=

a:b anmbnm

m
∑

n
∑=
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temperature. This is an intuitive formulation that facilities specification of boundary 
conditions.

To close the equation system 7-1 through 7-3, some constitutive relations are needed. 
A common relation is derived by assuming that the fluid is Newtonian. Together with 
Stokes’ assumption, the viscous stress tensor becomes:

 (7-5)

The dynamic viscosity η (Pa·s) is allowed to depend on the thermodynamic state, but 
not on the velocity field. All gases and many liquids can be considered Newtonian. 
Examples of non-Newtonian fluids are honey, mud, blood, liquid metals, and most 
polymer solutions. Support for modeling of non-Newtonian fluids can be found in the 
COMSOL Chemical Engineering Module, while the Heat Transfer Module treats all 
fluids as Newtonian according to Equation 7-5. Other commonly used constitutive 
relations are Fourier’s law of conduction and the ideal gas law.

There are several books where the Navier-Stokes equations are derived and concepts 
such as Newtonian fluids and the Stokes assumption are explained in detail. See, for 
example, the classical text by Batchelor (Ref. 1) and the more recent work by Panton 
(Ref. 2).

Many applications describe isothermal flows where Equation 7-3 is decoupled from 
Equation 7-1 and Equation 7-2. The temperature equation is described in the section 
“The Heat Equation” on page 6, and the fully-coupled system is treated in the section 
“Non-Isothermal Flow” on page 211.

Each section discusses a specific form of the continuity and momentum equations. The 
properties of the equations are then used as a foundation to clarify their range of 
applicability. 

References

1. G.K. Batchelor, “An Introduction To Fluid Dynamics,” Cambridge University 
Press, 1967.

2. R.L. Panton, “Incompressible Flow,” second edition, John Wiley & sons, inc., 1996.
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3
---η ∇ u⋅( )I–=
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Th e  I n c omp r e s s i b l e  Na v i e r - S t o k e s  
Equa t i o n s

The incompressible Navier Stokes equations in their basic form describe flow of a 
Newtonian fluid whose density can be assumed to be constant or nearly constant. In 
the Heat Transfer Module, you cannot directly access any dedicated application mode 
for incompressible laminar flow. The Incompressible Navier-Stokes application mode 
is, however, the common platform on which all flow application modes are based and 
to which they return if you choose to turn off all special features. This section therefore 
describes the basic functionality which is shared between the flow application modes 
in the context of the Incompressible Navier Stokes application mode.

In theory, the same equations describe laminar as well as turbulent flows. In practice 
however, the mesh resolution required to simulate turbulence with this application 
mode makes such an approach impractical. This is discussed further in the section 
“Numerical Stability—Artificial Diffusion” on page 183.

Buoyant flows in general should be treated by the Non-Isothermal Flow predefined 
Multiphysics coupling, see “Non-Isothermal Flow” on page 211. It is possible, 
however, to treat some simple cases of buoyant flows with the Incompressible 
Navier-Stokes application mode by invoking the Boussinesq approximation. “The 
Boussinesq Approximation” on page 188 describes this in more detail.

Subdomain Equations

The Incompressible Navier-Stokes application mode assumes that the fluid is 
incompressible; that is, that ρ is constant or nearly constant. This is the case for all 
fluids under normal conditions and also for gases at low velocities. For constant ρ, 
Equation 7-1 reduces to

 (7-6)

and the stress tensor τ in Equation 7-5 becomes

These assumptions put together give the following momentum equations:

∇ u⋅ 0=

τ η u ∇u( )T+∇( )=
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 (7-7)

The equations used by the application mode are displayed in the Subdomain Settings 
dialog box. Here, you also specify the physical properties of the fluid (see Figure 7-1).

Figure 7-1: The Subdomain Settings dialog box for 3D incompressible Navier-Stokes 
equations.

Boundary Conditions

The boundary conditions for the Incompressible Navier-Stokes application mode are 
grouped into the following types: 

• Wall

- No slip (Default)

- Slip

- Sliding wall

- Moving/leaking wall

• Inlet

- Velocity (Default)

- Pressure, no viscous stress

- Laminar inflow

ρ∂u
∂t
------- ρu ∇⋅( )u+ ∇p– ∇ η u ∇u( )T+∇( )( ) F+⋅+=
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• Outlet

- Velocity

- Pressure

- Pressure, no viscous stress (Default)

- No viscous stress

- Normal stress

- Laminar outflow

• Symmetry boundary

- Symmetry (Default)

- Axial symmetry

• Open boundary

- Normal stress (Default)

- No viscous stress

• Stress

- General stress (Default)

- Normal stress

- Normal stress, normal flow
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You specify a boundary condition in the Boundary Settings dialog where you first select 
the appropriate Boundary type and then a Boundary Condition.

Figure 7-2: Boundary Settings dialog box for the Incompressible Navier-Stokes application 
mode.

If a mathematical formulation describes more than one type of physical boundary 
condition, it can appear in more than one boundary type. However, every possible use 
of a single mathematical formulation cannot be covered. Hence, the boundary types 
should be regarded as guidelines, not as restrictions on the applicability of the 
formulations.

The theory of most boundary conditions can be found in Ref. 1.

WA L L

These boundary conditions describe the existence of a solid wall.

No Slip
This is the standard and default boundary condition for a stationary solid wall. The 
condition prescribes 

that is, that the fluid at the wall is not moving.

u 0=
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Moving/Perforated Wall
If the wall moves, so must the fluid. Hence, this boundary condition prescribes

Note that setting this boundary condition does not automatically cause the associated 
wall to move. The section “The Moving Mesh Application Mode” on page 401 of the 
COMSOL Multiphysics Modeling Guide describes how to set up a model with moving 
boundaries.

You can also use the Moving/perforated wall boundary condition to simulate a wall 
where fluid is leaking into or leaving through a perforated wall.

Sliding Wall
If you use this boundary condition, the wall is assumed to behave like a conveyor belt, 
that is, that the surface is sliding in its tangential direction. The wall does not have to 
actually move in the coordinate system. 

In two space dimensions (2D), the tangential direction is unambiguously defined by 
the direction of the boundary. However, the situation becomes more complicated in 
3D. For this reason, this boundary condition has slightly different definitions in the 
different space dimensions.

2D and Axial Symmetry   The velocity is given as a scalar Uw and the condition 
prescribes

where t = (−ny , nx) for 2D and t = (−nz , nr) for axial symmetry. When the Swirl flow 
property is activated (see section “Swirl Flow” on page 190), the swirl wall component 
is specified separately.

3D   The velocity is set equal to a given vector uw projected onto the boundary plane:

Slip
The slip condition assumes that there are no viscous effects at the slip wall and hence, 
no boundary layer develops. From a modeling point of view, this may be a reasonable 
approximation if the important effect of the wall is to prevent fluid from leaving the 
domain. Mathematically, the constraint can be formulated as:

u uw=

u n⋅ 0= , u t⋅ Uw=

u uw n uw⋅( )n–=
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where t is a tangential vector to the boundary.

I N L E T

This boundary type contains different ways to specify conditions on a boundary where 
the fluid is supposed to enter the domain. Notice that the formulations contained in 
this boundary type all appear, some of them slightly modified, in the Outflow 
boundary type as well. Hence, there is nothing in the mathematical formulations that 
prevents a fluid from leaving the domain through boundaries where you have specified 
the Inlet boundary type.

Velocity
This boundary condition offers two ways to specify an inlet velocity. The first is to set 
the velocity equal to a given vector u0:

The other is to specify a normal inflow velocity:

Note that the boundary normal, n, is pointing out of the domain.

Pressure, No Viscous Stress
This boundary condition specifies vanishing viscous stress along with a Dirichlet 
condition on the pressure:

It is a numerically stable boundary condition that admits total control of the pressure 
level along the entire boundary. However, if the inflow is not normal to the boundary, 
this condition yields an overspecification of the problem. In the case that your solution 
turns out to have a non-normal inflow velocity, there are two choices. Either, move the 
boundary farther away to a location where the inflow is normal to the boundary or, 
use a stress type boundary condition described on page 182.

Note that this condition is identical to the Pressure, no viscous stress condition for 
Outflow boundaries. Hence, depending on the pressure field in the rest of the 
subdomain, a boundary with this condition can very well become an outflow 
boundary.

u n⋅ 0= , t pI– η ∇u ∇u( )T+( )+( )n⋅ 0=

u u0=

u nU0–=

η ∇u ∇u( )T
+( )n 0,= p p0=
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Laminar Inflow
This boundary conditions adds a weak contribution of the form

 (7-8)

Where  is the L2 inner product on the boundary,  is the gradient in the 
tangential direction of the boundary, and  and  are the test functions for the 
velocities and pressure, respectively. The addition of Equation 7-8 corresponds to the 
situation shown in Figure 7-3: a fictitious domain of length Lentr is assumed to be 
attached to the inlet of the computational domain. The flow in this fictitious domain 
is assumed to be laminar plug flow. If you select the option Constrain outer edges to 

zero, the flow in the fictitious domain is instead assumed to be fully developed laminar 
channel flow (in 2D) or fully developed laminar internal flow (in 3D). This does not 
affect the boundary condition in the real domain, Ω, where the boundary conditions 
are always fulfilled.

Figure 7-3: Sketch of the physical situation simulated when using the Laminar inflow 
boundary condition. Ω is the actual computational domain while the dashed domain is a 
fictitious domain.

If you specify an average inlet velocity or inlet mass flow instead of the pressure, 
COMSOL Multiphysics adds an ODE that calculates a pressure, pentr, such that the 
desired inlet velocity or mass flow is obtained.

O U T F L O W

This boundary type contains different ways to specify conditions on a boundary where 
the fluid exits the domain. Note that all of the formulations in this type can be found, 
possibly slightly modified, in other boundary types as well. Hence, there is nothing in 
the mathematical formulations that prevent a fluid from entering the domain through 
boundaries where you have set the Outflow boundary type.

Setting outlet conditions for the Navier-Stokes equations is not a trivial task. Some 
practical guidelines can be found in the section “Selecting Boundary Conditions” on 
page 44. A general rule of thumb, however, is that if there is something interesting 
happening at an outflow boundary, extend the computational domain to include this 
phenomenon.

Lentr– p– I η ∇tu ∇tu( )T+( )+( ) ∇tû( , )Γ pentr n û,( )Γ– Lentr ∇t u⋅( ) p̂,( )Γ–

(., .)Γ ∇t
û p̂

Lentr

Ωpentr
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Velocity
This boundary condition offers two ways to specify an outlet velocity. The first is to set 
the velocity equal to a given vector u0:

The other is to specify a normal outlet velocity:

Observe that the boundary normal, n, is pointing out of the domain.

Pressure, No Viscous Stress
This boundary condition specifies vanishing viscous stress along with a Dirichlet 
condition on the pressure:

It is a numerically stable boundary condition that admits total control of the pressure 
level at the whole boundary. However, if the outflow is not normal to the boundary, 
this condition is an overspecification. In the case that your solution turns out to have 
a non-normal outflow velocity, there are two choices. Either move the boundary 
farther away to a location where the outflow is normal to the boundary or use a stress 
type boundary condition described on page 182.

Observe that this condition is identical to the Pressure, no viscous stress condition for 
Inflow boundaries. Hence, depending on the pressure field in the rest of the 
subdomain, a boundary with this condition can very well become an inflow boundary.

Pressure
This boundary condition prescribes only a Dirichlet condition for the pressure:

Use this boundary condition only for high Reynolds number outflow boundaries, that 
is Rec = ρ | u | h / (2η) >>1. It is far less stable than the Pressure, no viscous stress 
boundary condition, but it is consistent with a non-normal outflow velocity.

No Viscous Stress
Prescribes vanishing viscous stress:

u u0=

u nU0=

η ∇u ∇u( )T+( )n 0,= p p0=

p p0=

η ∇u ∇u( )T+( )n 0=
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This condition can be useful in some situations because it does not impose any 
constraint on the pressure. A typical example is a model with volume forces that give 
rise to pressure gradients that are hard to prescribe in advance. It should however be 
combined with a point constraint on the pressure to be numerically stable (see “Point 
Settings” on page 183).

Normal Stress
The total stress on the boundary is set equal to a stress vector of magnitude, f0, 
oriented in the negative normal direction:

This implies that the total stress in the tangential direction is zero. This boundary 
condition implicitly sets a constraint on the pressure that for 2D flows can be written

 (7-9)

If ∂un / ∂n is small, Equation 7-9 can be interpreted as . 

Laminar Outflow
This boundary conditions adds a weak contribution of the form

 (7-10)

Where  is the L2 inner product on the boundary,  is the gradient in the 
tangential direction of the boundary, and  and  are the test functions for the 
velocities and pressure, respectively. The addition of Equation 7-10 corresponds to the 
situation shown in Figure 7-4: a fictitious domain of length Lexit is assumed to be 
attached to the outlet of the computational domain. The flow in this fictitious domain 
is assumed to be laminar plug flow. If you select the Constrain outer edges to zero check 
box, the flow in the fictitious domain is instead assumed to be fully developed laminar 
channel flow (in 2D) or fully developed laminar internal flow (in 3D). This does not 

pI– η ∇u ∇u( )T+( )+( )n f0n–=

p 2η
∂un

∂n
---------- f0+=

p f0≈

Lexit– p– I η ∇tu ∇tu( )T+( )+( ) ∇tû( , )Γ pexit n û,( )Γ– Lexit ∇t u⋅( ) p̂,( )Γ–

(., .)Γ ∇t
û p̂
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affect the boundary condition in the real domain, Ω, where the boundary conditions 
are always fulfilled. 

Figure 7-4: Sketch of the physical situation simulated when using Laminar outflow 
boundary condition. Ω is the actual computational domain while the dashed domain is a 
fictitious domain.

If you specify an average outlet velocity or inlet mass flow instead of the pressure, the 
software adds an ODE that calculates pexit such that the desired outlet velocity or mass 
flow is obtained.

S Y M M E T R Y  B O U N D A R Y

Prescribes no penetration and vanishing shear stresses:

In 2D Axial Symmetry, the above formulation is called Symmetry.

Axial Symmetry
This boundary condition is only available in 2D Axial Symmetry. Use it on all 
boundaries with coordinate r = 0. It prescribes ur = 0 and vanishing stresses in the 
z direction.

O P E N  B O U N D A R Y

You can use this boundary type on boundaries that are open to large volumes of fluid. 
Fluid can both enter and leave the domain on boundaries with this type of condition.

No Viscous Stress
Prescribes vanishing viscous stress:

This condition can be useful in some situations because it does not impose any 
constraint on the pressure. A typical example is a model with volume forces that give 
rise to pressure gradients that are hard to prescribe in advance. It should however be 
combined with a point constraint on the pressure to be numerically stable (see “Point 
Settings” on page 183).

Ω pexit

Lexit

u n⋅ 0= , t pI– η ∇u ∇u( )T+( )+( )n⋅ 0=

η ∇u ∇u( )T+( )n 0=
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Normal Stress
The total stress on the boundary is set equal to a stress vector of magnitude, f0, 
oriented in the negative normal direction:

This implies that the total stress in the tangential direction is zero. This boundary 
condition implicitly sets a constraint on the pressure that for 2D flows can be written

 (7-11)

If ∂un / ∂n is small, Equation 7-11 can be interpreted as . 

S T R E S S

This type of boundary condition represents a very general class of conditions also 
known as traction boundary conditions.

General Stress
The total stress on the boundary is set equal to a given stress F:

This boundary condition implicitly sets a constraint on the pressure that for 2D flows 
can be written

 (7-12)

If ∂un / ∂n is small, Equation 7-12 can be interpreted as . 

Normal Stress
The total stress on the boundary is set equal to a stress vector of magnitude, f, oriented 
in the normal direction:

This implies that the total stress in the tangential direction is zero. This boundary 
condition implicitly sets a constraint on the pressure that for 2D flows can be written

 (7-13)

If ∂un / ∂n is small, Equation 7-13 can be interpreted as . 

pI– η ∇u ∇u( )T+( )+( )n f0n–=

p 2η
∂un

∂n
---------- f0+=

p f0≈

pI– η ∇u ∇u( )T+( )+( )n F=

p 2η
∂un

∂n
---------- n F⋅–=

p n F⋅–≈

pI– η ∇u ∇u( )T+( )+( )n f0n–=

p 2η
∂un
∂n

---------- f0+=

p f0≈
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Normal Stress, Normal Flow
In addition to the stress condition set in the Normal stress condition, this condition 
also prescribes that there must be no tangential velocities on the boundary:

Also this boundary condition implicitly sets a constraint on the pressure that for 2D 
flows can be written

 (7-14)

If ∂un / ∂n is small, Equation 7-14 can be interpreted as . 

Point Settings

If it is not possible to specify the pressure level using a boundary condition, the 
pressure must be set in some other way, for example, by specifying a fixed pressure at 
a point. You find a dialog box for Point Settings on the Physics menu.

Numerical Stability—Artificial Diffusion

The momentum equations (Equation 7-7) are of convection-diffusion type. It is well 
known that if standard Galerkin discretization is used, such equations become unstable 
for an element Peclet number (Pe) larger than one (Ref. 2):

 (7-15)

where h is the element size. The instabilities might cause the simulation to diverge. If 
a solution where Pe is larger than one is obtained, it can often have spurious 

pI– η ∇u ∇u( )T+( )+( )n f0n–= , t u⋅ 0=

p 2η
∂un

∂n
---------- f0+=

p f0≈

Pe ρ u h
2η

---------------- 1>=
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oscillations even if the exact solution is smooth. Figure 7-5 shows an example of such 
ocscillations.

Figure 7-5: A 1D convection diffusion example with Pe > 1. The exact solution (solid line) 
is smooth while the solution obtained by standard Galerkin discretization (dashed line) 
contains spurious oscillations.

The element Peclet number can always be made less than one by refining the mesh, 
that is, by making the mesh element size h small enough. This method is not always 
feasible because it can require a very dense mesh. Instead, so-called stabilization 
methods, or artificial diffusion, are used. COMSOL Multiphysics provides several of 
these methods. The dialog box for selecting artificial diffusion (Figure 7-6) is opened 
from the Subdomain Settings dialog box by clicking the Artificial Diffusion button (see 
Figure 7-1 on page 173). 

Figure 7-6: The Artificial Diffusion dialog box showing the default setting: Galerkin 
least-squares (GLS) streamline diffusion.

x

u
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None of the artificial diffusion methods allows arbitrarily high Peclet numbers. As the 
Peclet number goes to infinity, they either lose their stabilizing effect or completely 
destroy the solution.

To use no artificial diffusion at all corresponds to the standard Galerkin discretization. 
A requirement for stability is then that higher-order basis functions must be used for 
the velocities than for the pressure. This condition is know as the Babuska-Brezzi 
condition or the inf-sup stability condition (Ref. 1 and 3). Two of the artificial 
diffusion methods provided in COMSOL Multiphysics can relax the Babuska-Brezzi 
condition: Galerkin least-squares (GLS) and pressure stabilization.

The mathematical description of the methods is given in Chapter 15, “Stabilization 
Techniques,” in the COMSOL Multiphysics Modeling Guide.

I S O T R O P I C  D I F F U S I O N

Isotropic diffusion increases the viscosity in regions where the Peclet number is large. 
Hence, the original equation is perturbed. This method can force the simulation to be 
stable, but there is no guarantee that the solution is the correct physical solution.

S T R E A M L I N E  D I F F U S I O N

In most cases, spurious oscillations arise in the streamline direction only. Streamline 
diffusion methods introduce diffusion in the streamline direction by weighting the 
discretization scheme in the upstream direction. This means that more information is 
taken from the direction from which information is convected and less from the 
direction in which the information is traveling. Streamline-diffusion methods are 
closely related to the upwind methods in finite difference and finite volume methods. 

Anisotropic Streamline Diffusion
This method projects the extra diffusion onto the streamlines and is therefore much 
less brutal than the isotropic diffusion. Still, the method is not consistent, meaning that 
the exact solution does not solve the discrete system. Therefore, the accuracy of the 
solution cannot be guaranteed.

Streamline Upwind Petrov-Galerkin (SUPG)
The Streamline Upwind Petrov-Galerkin method is a consistent method, which means 
that it does not perturb the equations. A model that converges with this method can 
be considered to be a solution to the discrete counterpart of Equation 7-6 and 
Equation 7-7. This method is somewhat less stabilizing than the anisotropic streamline 
diffusion because the terms that differ between the methods are mainly destabilizing.
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Streamline Upwind Petrov-Galerkin (SUPG), Compensated
This version of SUPG turns off the diffusion in regions with element Peclet number 
less than one.

Galerkin Least-Squares (GLS)
The Galerkin least-squares (GLS) method is a consistent method that circumvents the 
Babuska-Brezzi condition, that is, it is possible to use equal-order elements for the 
velocities and the pressure.

For the momentum equations, GLS has many of its stability properties in common 
with SUPG. The superior stability of GLS can often be explained by the stabilizing 
terms on the continuum equation, terms that SUPG lacks.

GLS is activated per default even though it is more expensive to assemble than SUPG. 
The extra cost is often more than compensated for by the superior stability properties 
of GLS.

C R O S S W I N D  D I F F U S I O N

In some cases, diffusion in the streamline direction is not enough to enforce stability. 
This is the situation in thin boundary layers and shear layers where there are large 
gradients in directions orthogonal to the streamline direction.

Ordo h3/2

The Ordo h3/2 method is an efficient and inexpensive method with good convergence 
properties. It is not consistent but has good accuracy compared to methods of similar 
complexity. However, the method is constructed exclusively for linear elements and it 
is dimensionally inconsistent. The latter is important to note if the model uses other 
units than SI units.

Shock Capturing
This method is more general and often better than the Ordo h3/2 method. It is also 
consistent and independent of which units that are used. It is, however, considerably 
more computationally expensive than the Ordo h3/2 method.

P R E S S U R E  S T A B I L I Z A T I O N

The main feature of this method is that it circumvents the Babuska-Brezzi condition. 
It can also add stability essential to iterative solvers.

Pressure stabilization together with SUPG can be regarded as a less expensive and less 
stable version of GLS. Pressure stabilization should not be used together with GLS.
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Corner Smoothing

You find the Corner smoothing property in the Application Mode Properties dialog box. 
It can be a useful property when the model contains walls with slip conditions, as 
described below.

Figure 7-7: The Application Mode Properties dialog box where Corner smoothing can be 
turned on and off.

Consider the situation sketched in Figure 7-8. At the point where the boundaries Γ1 
and Γ2 intersect, there will be two boundary normals, one for Γ1 and one for Γ2. These 
two normals are denoted and in Figure 7-8. If the boundaries now both have 
no-penetration condition, there will be two Dirichlet conditions at the point of 
intersection, namely

 (7-16)

and

 (7-17)

nΓ1
nΓ2

nΓ1
u⋅ 0=

nΓ2
u⋅ 0=
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The only way that both Equation 7-16 and Equation 7-17 can be fulfilled is if  
at the point of intersection. This is not always the expected solution, however.

Figure 7-8: Intersection between the boundaries Γ1 and Γ2.  and  are the 
boundary normals prescribed by Γ1 and Γ2 respectively. Ω is the computational domain.

When corner smoothing is activated, any Dirichlet condition d(n) = 0 is replaced by 
d(nw) = 0, where nw is a vector of dependent boundary variables whose solution in 
each point is the average of all normals in that point. In the current example, equations 
7-16 and 7-17 are replaced with

 (7-18)

and nw has the solution . Equation 7-18 can then be satisfied 
for . 

The Boussinesq Approximation

The Boussinesq approximation is a way to treat some simple cases of buoyant flows 
without having to use a compressible formulation of the Navier-Stokes equations.

The Boussinesq approximation assumes that variations in density have no effect on the 
flow field except that they give rise to buoyant forces. The density is taken to be a 
reference value, ρ0, except in the body force term, which is set to

 (7-19)

where g is the gravity vector. You can enter an expression for Equation 7-19 in the 
Volume force edit fields in the Subdomain Settings dialog box (see Figure 7-1 on page 
173). However, further simplifications are often possible. Because g can be written in 
terms of a potential, Φ, it is possible to write Equation 7-19 as:

u 0≡

Ω
Γ2

Γ1

nΓ1nΓ2

nΓ1
nΓ2

nw u⋅ 0=

nw 1 2 nΓ1
nΓ2

+( )⁄=

u 0≠

F ρ0 ∆ρ+( )g=

F ∇ ρ0Φ( )– ∆ρg+=
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The first part can be canceled out by splitting the true pressure, p, as a sum of a 
hydrodynamic component, P, and a hydrostatic component, −ρ0Φ. Then you can write 
equations 7-6 and 7-7 in terms of the hydrodynamic pressure P = p + ρ0Φ:

 (7-20)

 (7-21)

Hence, to obtain the Boussinesq approximation on this form, you only have to enter 
the expression for g∆ρ in the Volume Force edit fields in the Subdomain Settings dialog 
box.

In practice, the shift from p to P can be ignored except where the pressure appears in 
boundary conditions. The pressure that you specify at boundaries is the hydrodynamic 
pressure in this case. For example, on a vertical outflow or inflow boundary, the 
hydrodynamic pressure is typically a constant, while the true pressure is a function of 
the vertical coordinate.

The system that Equation 7-20 and Equation 7-21 form has its limitations. The main 
assumption is that the density fluctuations must be small, that is, . There 
are also some more subtle constraints that, for example, makes the Boussinesq 
approximation unsuitable for systems of very large dimensions. An excellent discussion 
of the Boussinesq approximation and its limitations appears in Chapter 14 of Ref. 4.
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Sw i r l  F l ow

 Swirl flow is an extension of the Incompressible Navier-Stokes application mode for 
axially symmetric geometries. By default, application modes based on the 
Navier-Stokes equations assume that the azimuthal velocity  in a 2D axisymmetric 
model is zero, but you can change this using the Swirl velocity application mode 
property. With swirl flow active, the only remaining assumption is that there are no 
variations in any model variable in the azimuthal direction.

For a cylindrical coordinate system, under the assumption that , 
Equation 7-6 and Equation 7-7 can be written

 (7-22)

 (7-23)

The Newtonian viscous stress tensor (Equation 7-5) in cylindrical coordinates 
assuming  is given by

When the azimuthal velocity component  is included in the equations, the 
application mode by default denotes it w. The remaining components are then u = ur 
and v = uz just as when the swirl velocity is not present. 
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In an axisymmetric geometry, COMSOL Multiphysics assumes the symmetry axis to 
be at r = 0. This means that you have to build all models using the axisymmetry modes 
to the right of the axis r = 0. A correctly drawn example is shown in Figure 7-9.

Figure 7-9: A geometry drawn in the 2D Axial Symmetry space dimension. Notice that 
the whole domain must be contained to the right of the symmetry line r = 0.

The Swirl velocity property does not affect boundary conditions, point settings and 
artificial diffusion functionality, which are the same as for the standard Navier-Stokes 
implementation. See “Boundary Conditions” on page 173, “Point Settings” on page 
183, and “Numerical Stability—Artificial Diffusion” on page 183. It is also possible to 
use corner smoothing with swirl flow. See “Corner Smoothing” on page 187.

The Swirl Velocity Property

Most application modes for momentum transport have a swirl flow formulation that 
can be activated through the Swirl velocity property.  Figure 7-10 shows the Application 
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Mode Properties dialog box, which you open by choosing Properties from the Physics 
menu. 

Figure 7-10: The Application Mode Properties dialog box for the k-e Turbulence Model 
application mode. The Swirl velocity property is set to Off by default.

The Swirl velocity property is Off by default. Set it to On to turn on swirl flow and 
include the azimuthal velocity in the model.
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T u r bu l e n t  F l ow

Turbulence often appears in industrial applications that involve fluid flow. It can be 
considered a characteristic state of the flow that you can only describe in a statistical 
manner. In this statistical representation of turbulent flow, the mean quantities are of 
main interest. However, fluctuations in different field quantities also play an important 
role.

In order to predict the behavior of turbulent systems, numerical modeling can reduce 
the costs of experiments and prototype equipment. In these turbulence models it is 
important to account for the nature of the fluctuations around the mean flow. This is 
included in the Heat Transfer Module as the Reynolds-averaged Navier-Stokes 
(RANS) equations.

The Navier-Stokes equations describe the basic phenomena of mass and momentum 
transport. These equations can also be used for turbulent flow simulations, although 
that requires a large number of elements to capture all the dynamics of the flow. An 
alternative is to consider the averaged equations, resulting in a hierarchy of equations 
and statistical unknowns. These unknown terms are modeled by so-called closure 
relations of which the eddy viscosity approach is the most common one. The Heat 
Transfer Module includes two such closure schemes: k-ε and k-ω.

Because the k-ε Turbulence Model application mode and the k-ω Turbulence Model 
application mode depend on the same fundamental principles, this section describes 
both.

Subdomain Equations

Both application modes assume that the flow is incompressible and that the fluid is 
Newtonian. The flow is then in theory guided by the incompressible Navier-Stokes 
equations:

 (7-24)

Fundamental to the analysis of fluid flow is the Reynolds number:

∇ u⋅ 0=

ρ
t∂

∂u ρ u ∇⋅( )u+ ∇p ∇ η ∇u ∇u( )T
+( )⋅ F+ +–=
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 (7-25)

where U denotes a velocity scale, and L denotes a representative length. The Reynolds 
number represents the ratio between inertial and viscous forces. At low Reynolds 
numbers, viscous forces dominate and tend to damp out all disturbances, which leads 
to laminar flow. At high Reynolds numbers, the damping in the system is very low 
giving small disturbances the possibility to grow by nonlinear interactions. If the 
Reynolds number is high enough, the fluid flow field eventually ends up in a chaotic 
state called turbulence.

R E Y N O L D S - A V E R A G E D  N A V I E R - S T O K E S  ( R A N S )  E Q U A T I O N S

Once flow has become turbulent, all quantities fluctuate in time and space, and there 
is little advantage in having an exact and detailed picture of the flow. Instead, an 
averaged representation almost always provides sufficient information about the flow.

The Reynolds-averaged representation of turbulent flows divides the flow quantities 
into an averaged value and a fluctuating part,

 (7-26)

where  can represent any scalar quantity of the flow. In general, the mean value can 
vary in space and time. This is exemplified in Figure 7-11, which shows time averaging 
of one component of the velocity vector for nonstationary turbulence. The unfiltered 
flow has a time scale ∆t1. After a time filter with width ∆t2 >> ∆t1 has been applied, 
there is a fluctuating part, u'i, and an average part, Ui. Because the flow field also varies 

Re ρUL
η

------------=

φ φ φ′+=

φ
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on a time scale longer than ∆t2, Ui is still time dependent but is much smoother than 
the unfiltered velocity ui.

Figure 7-11: The unfiltered velocity component ui, with a time scale ∆t1 and the averaged 
velocity component, Ui, with time scale ∆t2.

Decomposition of flow fields into an averaged part and a fluctuating part, followed by 
insertion into the Navier-Stokes equation, then averaging, gives the 
Reynolds-averaged Navier-Stokes (RANS) equations: 

 (7-27)

where U is the averaged velocity field.  is the outer vector product. A comparison 
with Equation 7-24 indicates that the only difference is the appearance of the last term 
on the left hand side of Equation 7-27. This term represents interaction between the 
fluctuating velocities and is called the Reynolds stress tensor. This means that to obtain 
the mean flow characteristics, you need information about the small-scale structure of 
the flow. In this case, that information is the correlation between fluctuations in 
different directions.

The governing equations for the components of the Reynolds stress tensor follow from 
a procedure similar to that above. In 3D, this introduces six additional equations and 
six additional unknowns. Because the resulting equations contain additional unknowns 
emanating from higher-order statistics, this is still not sufficient for solving flow 
problems. Resolving this dilemma requires imposing assumptions about the flow, a 
so-called closure of a turbulence model.
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∂U ρU ∇⋅ U ∇ ρu' u'⊗( )⋅+ + ∇P ∇ η ∇U ∇U( )T
+( )⋅ F+ +–=

∇ U⋅ 0=

⊗
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E D D Y  V I S C O S I T Y  C L O S U R E

The most common by far way to model turbulence is by assuming the turbulence to 
be of a purely diffusive nature. The deviating part of the Reynolds stress is then 
expressed by

 (7-28)

where ηT is the eddy viscosity, also known as the turbulent viscosity. The spherical part 
can be written

 (7-29)

where k is the turbulent kinetic energy. In simulations of incompressible flows, this 
term is included in the pressure, but when the absolute pressure level is of importance 
(in compressible flows, for example) this term must be explicitly modeled.

The k-ε Turbulence Model

The k-ε model is one of the most used turbulence models for industrial applications. 
The Heat Transfer Module includes the standard k-ε model (Ref. 1). This model 
introduces two additional transport equations and two dependent variables: the 
turbulence kinetic energy, k, and the dissipation rate of turbulence energy, ε. Turbulent 
viscosity is modeled by

 (7-30)

where  is a model constant. 

The transport equation for k can be derived by taking the trace of the equations for 
the Reynolds stresses:

 (7-31)

An equation for ε can be derived in a similar manner. That equation is, however, 
impossible to model on a term-by-term basis. Instead, all terms that do not have an 
equivalent term in the k equation are discarded. The resulting equation reads:

ρ u' u'⊗( ) ρ
3
---trace u' u'⊗( )I– ηT– ∇U ∇U( )T

+( )=

ρ
3
---trace u' u'⊗( )I 2

3
---ρk=

ηT ρCµ
k2

ε
------=

Cµ

ρ
t∂

∂k ∇ η
ηT
σk
-------+⎝ ⎠

⎛ ⎞∇k⋅– ρU ∇k⋅+
1
2
---ηT ∇U ∇U( )T

+( )
2

ρε–=
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 (7-32)

The model constants in the above equations are determined from experimental data 
(Ref. 1); their values are listed in Table 7-1.

The k-ε turbulence model relies on several assumptions, the most important of which 
are that the Reynolds number is high enough and that the turbulence is in equilibrium 
in boundary layers, which means that production equal dissipation. The assumptions 
limit the accuracy of the model, since this is not always true. The spatial extension of 
recirculation zones, for example, is underpredicted by the k-ε turbulence model. 
Furthermore, in the description of rotating flows, the model often shows poor 
agreement with experimental data. In most cases, the limited accuracy is often a fair 
trade for the amount of computational resources saved compared to more complicated 
turbulence models.

The k–ω Turbulence Model

Much of the k-ε model’s inaccuracy can be attributed to the rather inaccurate 
modeling of the ε equation. An alternative to modeling the dissipation is to model 
transport of the dissipation per unit turbulent kinetic energy, ω. The turbulent viscosity 
is modeled by:

 (7-33)

The transport of turbulent kinetic energy and ω is given by

 (7-34)

and

TABLE 7-1:  MODEL CONSTANTS IN EQUATION 7-30, EQUATION 7-31, AND EQUATION 7-32

CONSTANT VALUE

0.09

1.44

1.92

 σk 1.0

1.3

ρ
t∂

∂ε ∇ η
ηT
σε
-------+⎝ ⎠

⎛ ⎞∇ε⋅– ρU ∇ε⋅+
1
2
---Cε1

ε
k
---ηT ∇U ∇U( )T

+( )2 ρCε2
ε2

k
-----–=

Cµ

Cε1

Cε2

σε

ηT ρ k
ω
----=

ρ∂k
∂t
------ ρU ∇⋅+ k ∇ η σkηT+( ) k∇[ ] 1

2
---η

T
∇U ∇UT+( )2 ρβkkω–+⋅=
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 (7-35)

where the previous equations use the following closure constants and functions:

, , , 

, , 

, , 

The tensors, Ωij and Sij, are the mean rotation-rate tensor and the mean strain-rate 
tensor, defined by

,  (7-36)

The use of the correction factors  and  is a modification of the original (1988) 
k-ω model that Wilcox made for the updated model from 1998. The corrections 
improve the accuracy for free-shear flows significantly by decreasing the spreading of 
such flows.

There are no guarantees that one turbulence model provides better results than the 
other for a certain flow case. As a general rule, the k-ω model behaves better close to 
walls and usually predicts free shear flows more accurately than the k-ε model. For 
external flows, on the other hand, results obtained by the k-ω model have a tendency 
to be strongly dependent on the free-stream values of k and ω.

It is often harder to reach convergence with the k-ω model than with the k-ε model. 
A way to reach convergence is to first solve the problem with the k-ε model and then 
change to the k-ω model. The application mode automatically changes the initial 
values so that the k-ε result becomes the initial guess for the k-ω model.
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Boundary Conditions

The turbulence application modes have the same boundary types as the Incompressible 
Navier-Stokes application modes; see “Boundary Conditions” on page 173. With 
exception for the boundary type Wall, the functionality described for the 
incompressible Navier-Stokes equations applies to the Reynolds-averaged 
Navier-Stokes equations as well. Note that any expression that in the incompressible 
Navier-Stokes formulation is of the form g(η) is of the form g(η + ηT) for the 
turbulence application modes.

All boundary conditions need additional conditions for the turbulence transport 
equations. The following sections describe these boundary conditions for each 
boundary type.

WA L L

Slip
The Slip boundary condition assumes that there is no viscous interaction between the 
wall and the fluid. In addition to the conditions prescribed for the momentum 
equations, this boundary condition also prescribes

where the expressions to the left are used for the k-ε Turbulence Model and the 
expressions to the right are used for the k-ω Turbulence Model.

Logarithmic Wall Function
Turbulence close to a solid wall is very different from isotropic free-stream turbulence. 
This must be accounted for in a proper model.

There are basically two approaches to account for solid walls subjected to turbulent 
flow. The first approach, used for low Reynolds number turbulence models, modifies 
the equations by additional terms and factors that account for near-wall effects. In such 
a case, you must refine the mesh near the wall to resolve the so-called viscous sublayer. 
Such methods are of interest for moderate Reynolds numbers, where near-wall 
resolution lead to a reasonable number or elements.

In the second approach, which is used by these application modes, an empirical relation 
between the value of velocity and wall friction replaces the thin boundary layer near 

n η
ηT

σk
-------+⎝ ⎠

⎛ ⎞∇k ρUk–⎝ ⎠
⎛ ⎞ 0 ⁄=⋅ n η σkηT+( )∇k ρUk–( ) 0=⋅( )

n η
ηT

σε
-------+⎝ ⎠

⎛ ⎞∇ε ρUε–⎝ ⎠
⎛ ⎞ 0=⋅ n η σωηT+( )∇ω ρUω–( ) 0=⋅( )⁄
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the wall. Such relations are known as wall functions and are accurate for high Reynolds 
numbers and situations where pressure variations along the wall are not very large. 
However, this approach can often be used outside its frame of validity with reasonable 
success.

Logarithmic wall functions applied to finite elements assume that the computational 
domain begins a distance δw from the real wall. They also assume that the flow is 
parallel to the wall and that the velocity can be described by

 (7-37)

Here U is the velocity parallel to the wall,  is the friction velocity defined by

,  (7-38)

κ denotes the Kármán’s constant (about 0.42), and  is a universal constant for 
smooth walls. In the application mode,  is defined as an application scalar variable 
named Cplus_chns and has a default value of 5.5 (it is possible to change this value in 
the Application Scalar Variables dialog box). Further, l* is known as the viscous length 
scale and is defined by

 (7-39)

You must specify the distance δw or its equivalent in viscous units, . Their 
internal relation is given by

 (7-40)

The logarithmic wall functions are formally valid for values of  between 30 and 100. 
For high Reynolds number, the upper limit can be extended to a few hundred.  is 
available as the variable dwplus_chns and is defined on the boundaries. Because the 
wall function assumes that the flow is parallel to the wall, the velocity component 
perpendicular to the wall is zero.

The boundary conditions for k, ε, and ω are derived from the assumption that 
turbulent production equals the dissipation:

U+ U
uτ
-----=

1
κ
---

δw

l*
------
⎝ ⎠
⎜ ⎟
⎛ ⎞

ln C++=

uτ

uτ
τw
ρ
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C+

l* η
ρuτ
---------=

δw
+ δw l*⁄=

δw
+ ρCµ

1 4/ k1 2/ δw
η

----------------------------------=

δw
+

δw
+
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, ,  (7-41)

Sliding Wall
This boundary condition assumes that the wall is moving with a given velocity 
tangential to the wall. It extends the logarithmic wall function concept by changing 
Equation 7-37 to

where Uw is calculated in the same way as described for the Incompressible 
Navier-Stokes application mode in the section “Sliding Wall” on page 176.

I N L E T  B O U N D A R I E S

At inlet boundaries, the functionality for the RANS equations are the same as described 
for the incompressible Navier-Stokes in the section “Inlet” on page 177. In addition, 
values for the two turbulent quantities need to be specified (k and ε, or k and ω). 
Alternatively, you can specify a turbulent length scale, LT, and a turbulent intensity, IT. 
They are related to the turbulent variables via

, ,  (7-42)

A value below 0.1% is a low intensity. Good wind tunnels can produce values of IT as 
low as 0.05%. Fully turbulent flows have intensities between five and ten percent.

The turbulent length scale is a measure of the size of the eddies that are not resolved. 
For free-stream flows these are typically very small (in the order of centimeters). The 
length scale cannot be zero, however, because that would imply infinite dissipation. 
You can use the following table as a guideline when specifying LT (Ref. 3):

TABLE 7-2:  TURBULENT LENGTH SCALES FOR TWO-DIMENSIONAL FLOWS

FLOW CASE LT L

Mixing layer 0.07L Layer width

Plane jet 0.09L Jet half width

Wake 0.08L Wake width

Axisymmetric jet 0.075L Jet half width

∇k n⋅ 0= ε
Cµ

3 4/ k3 2/

κδw
-----------------------= ω k1 2/
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1 4/ κδw

-----------------------=
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where lw is the wall distance and  is the wall distance in viscous units.

O U T L E T  B O U N D A R I E S

At outlet boundaries, the functionality for the RANS equations are the same as 
described for the incompressible Navier-Stokes equations in the section “Outflow” on 
page 178. In addition, convective flux conditions are prescribed for the turbulence 
variables:

S Y M M E T R Y  B O U N D A R I E S

The equations for this condition read

where the constraints on the turbulent quantities express zero total normal flux. The 
expressions to the left are used for the k-ε Turbulence Model and the expressions to 
the right are used for the k-ω Turbulence Model.

O P E N  B O U N D A R I E S

The expressions for the momentum equations are the same as for the Incompressible 
Navier-Stokes (see page 181), except that η + ηT replaces η. Homogeneous Neumann 
conditions are prescribed for the turbulence variables

Boundary layer ( )

 – Viscous sublayer and log-layer

 – Outer layer 0.09L

Boundary layer 
thickness

Pipes and channels

(fully developed flows)

0.07L Pipe diameter or 
channel width

TABLE 7-2:  TURBULENT LENGTH SCALES FOR TWO-DIMENSIONAL FLOWS

FLOW CASE LT L

p x∂⁄∂ 0=

κlw 1 lw
+ 26⁄–( )exp–( )
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Note that these are the same boundary conditions used for outlet boundaries. This 
expresses that the turbulent characteristic of whatever is outside the computational 
domain is guided by the flow inside the computational domain. Such an assumption is 
physically reasonable as long as relatively small amounts of fluid enters via an open 
boundary. Large amount of fluids may, however, never enter via an open boundary. If 
this is the case, switch to an inlet condition instead.

S T R E S S  C O N D I T I O N S

Because this type of boundary condition is very general, different conditions have to 
be prescribed for the turbulence variables depending on what stresses that are 
prescribed. As Figure 7-12 shows, there are three choices for the turbulence variables: 
Inlet, Outlet, and Open boundary. The functionality of these boundary types are 
described in the previous sections.

Figure 7-12: The Boundary Settings dialog box for the k-ε Turbulence Model application 
mode. For the Stress boundary type, there are three choices for the type for the turbulence 
variables.

Realizability Constraints

A stagnation point is defined as a point on a surface where a streamline ends. Typical 
examples are the leading edge of a flat plate or the front edge of a wing profile. The 

n ∇k⋅ 0=

n ∇ε⋅ 0 n ∇ω⋅ 0=⁄=
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equilibrium assumption made when deriving the turbulent transport equations are not 
valid in such points. The result is an excessive production of turbulence known as the 
stagnation point anomaly. To cope with this issue, you must activate a realizability 
constraint.

The eddy-viscosity model of the Reynolds stress tensor can be written

where δij is the Kronecker delta and Sij is the strain rate tensor. Durbin (Ref. 4) 
showed that the fact that diagonal elements of the Reynolds stress tensor must be 
nonnegative can be used to derive the following constraint on the turbulent viscosity:

 (7-43)

Here,  is the largest eigenvalue of the strain rate tensor. When using 
realizability constraint for the k-ε model, the turbulent viscosity is given by

 (7-44)

The corresponding equivalence for the k-ω model is also available. In two dimensions, 
it is possible to derive an exact expression for the right-hand side of Equation 7-44:

 (7-45)

In tree dimensions, however, you can only find an approximate upper limit without 
calculating all the eigenvalues of Sij :

 (7-46)

To activate the realizability constraint, use the Application Mode Properties dialog box 
(Figure 7-13), which you open by choosing Properties from the Physics menu.

Because an active realizability constraint implies a lower turbulent viscosity than the 
unconstrained case, the convergence will be hampered. If an active realizability 
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constraint hinders convergence, try to first solve without realizability and then activate 
the constraint.

Figure 7-13: The Application Mode Properties dialog box for the k-ε Turbulence Model 
application mode.

The Turbulence Model Property

The Turbulence model property in the Application Mode Properties dialog box (see 
Figure 7-13) has the following options

•  None

•  k–ε

•  k–ω

This property can be used to change between the k-ε Turbulence Model application 
mode and the k-ω Turbulence Model application mode. This can be useful because it 
can be hard to reach convergence using the k-ω model. A standard trick is then to start 
from a k-ε solution. When changing turbulence model, COMSOL automatically 
updates the Initial value edit fields in the Subdomain Settings dialog box.

The Turbulence model property is available for many application modes that per default 
do not utilize any turbulence model.
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Weak l y  Comp r e s s i b l e  Na v i e r - S t o k e s

The Weakly Compressible Navier-Stokes application mode contains the fully 
compressible formulation of the continuity equation and momentum equations:

 (7-47)

The stress tensor used in Equation 7-47 describes a Newtonian fluid, with an added 
term κdv. This term expresses the deviation from Stokes’ assumption, which states that 
the fluid particles are in thermodynamic equilibrium with their neighbors. It is very 
rare that a fluid shows a significant deviation from Stokes’ assumption, and κdv is 
therefore by default set to zero.

Note: Note that the Weakly Compressible Navier-Stokes application was designed 
solely to model flow with variable density, where a second application mode—
typically a heat balance—controls the density. This coupling is automatically set up by 
the Non-Isothermal Flow predefined multiphysics coupling (see “Non-Isothermal 
Flow” on page 211).

T H E  M A C H  N U M B E R  L I M I T

An important dimensionless number in fluid dynamics is the Mach number, Ma, 
defined by

 (7-48)

where a is the speed of sound. A flow is formally incompressible when Ma=0. This is 
theoretically achieved by letting the speed of sound tend to infinity. The Navier-Stokes 
equations will then have the numerical property that a disturbance anywhere in the 
computational domain will instantaneously spread to the entire domain. This results in 
a parabolic equation system.

The fully compressible Navier-Stokes equations, Equation 7-1 through Equation 7-3, 
have a finite speed of sound and hence a Mach number larger than zero. This will have 
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no numerical significance as long as the Mach number is well below one. However, 
when the Mach number approaches unity, the equations will turn from parabolic to 
hyperbolic. When this happens, the numerical properties of the equation changes, one 
of several implications being that the boundary conditions used for incompressible 
Navier-Stokes equations become invalid. The Weakly Compressible Navier-Stokes 
application mode uses the same boundary condition as the Incompressible 
Navier-Stokes application mode, which implies that the Weakly Compressible 
Navier-Stokes application mode cannot be used for flows with Mach number larger 
than or equal to one.

The practical Mach number limit is however lower than one. The first reason for this 
is the sound wave transport term that has been neglected in the General Heat Transfer 
application mode (see “Convection and Conduction” on page 27). This term becomes 
important already at moderate Mach numbers. The second reason is that already at 
moderate Mach number, the fully compressible Navier-Stokes equations start to 
display very sharp gradients. To handle these gradient, special numerical techniques are 
needed. It is impossible to give an exact limit where the low Mach number regime ends 
and the moderate Mach number regime begins, but a rule of thumb is that the Mach 
number effects start to appear at Ma = 0.3.

Subdomain Settings

The Subdomain Settings dialog box is shown in Figure 7-14. Unlike the Incompressible 
Navier-Stokes application mode, the edit field for the density, ρ, is not on the Physics 
page. Instead, it has its own page labeled Density. The content of the Density page is 
shown in Figure 7-15. In addition to the edit field for the density, ρ, there are two 
check boxes. These are used to control the exact weak expression for the Galerkin 
least-squares (GLS) artificial diffusion. The GLS method is necessary to get a stable 
finite element discretization of the equation system 7-47. You can define the density 
as a function of any of the other dependent variables, but GLS can only stabilize with 
respect to pressure and temperature, which are the most common variables.
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To learn more about GLS, read Chapter 15, “Stabilization Techniques,” of the 
COMSOL Multiphysics Modeling Guide.

Figure 7-14: The Subdomain Settings dialog box for the Weakly Compressible 
Navier-Stokes application mode. The Physics page is selected.

Figure 7-15: The Subdomain Settings dialog box for the Weakly Compressible 
Navier-Stokes application mode. The Density page is selected.

The weakly compressible description of the Navier-Stokes equations is useful for 
describing free convection due to changes in density. In such a case, set the volume 
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force term, F, to the gravity force, ρg, where g is a vector that represents the 
acceleration due to gravity.

Other Settings

The Weakly Compressible Navier-Stokes application mode shares boundary 
conditions, point settings, and artificial diffusion functionality with the Incompressible 
Navier-Stokes application mode; see “Boundary Conditions” on page 173, “Point 
Settings” on page 183, and “Numerical Stability—Artificial Diffusion” on page 183. 
The Corner Smoothing property can be applied to the Weakly Compressible 
Navier-Stokes application mode as well; see “Corner Smoothing” on page 187.

Turbulent Weakly Compressible Flow

When a turbulence model is used, the Reynolds stress tensor (see the section 
“Turbulent Flow” on page 193) is modeled by

where  is the outer vector product.

The turbulent transport equations (k-ε or k-ω) are used in their fully compressible 
formulations (Ref. 1).
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Non - I s o t h e rma l  F l ow

The Heat Transfer Module includes predefined Multiphysics couplings which combine 
the heat equation with either a laminar or a turbulent weakly compressible flow. The 
advantage of using the Multiphysics entry points—over loading the application modes 
separately—is that you will find predefined couplings in both directions. In particular, 
the application modes use the same definition of density, which can therefore be a 
function of both pressure and temperature. Solving this coupled system of equation 
usually requires numerical stabilization, which is also set up by the predefined 
Multiphysics coupling.

Laminar Non-Isothermal Flow

The Non-Isothermal Flow predefined multiphysics coupling is a combination of two 
other application modes: Weakly Compressible Navier-Stokes (see page 207) and 
General Heat Transfer (see page 22). It generates two predefined subdomain group 
settings: default and Solid domain. This is illustrated in Figure 7-16, which shows the 
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Subdomain Settings dialog box for the General Heat Transfer application mode. The 
Group list is in the lower-left corner.

Figure 7-16: The Subdomain Settings dialog box for the General Heat Transfer 
application mode loaded via the Non-Isothermal Flow predefined multiphysics coupling. 
The velocities are predefined to be consistent with the selected group.

Assign any fluid domain to the default group. The velocities are then taken from the 
Weakly Compressible Navier-Stokes application mode. Use Solid domain to model solid 
materials. This deactivates convective heat transfer and artificial diffusion on the 
subdomain.

The groups default and Solid domain are available in the Subdomain Settings dialog box 
for the Weakly Compressible Navier-Stokes application mode as well. The effect is that 
the Navier-Stokes equations are active if the default group is selected while they are 
inactive (that is, velocities are not solved for) if the Solid domain group is selected.

Note that you have to assign each subdomain to the proper group in both the Weakly 
Compressible Navier-Stokes and the General Heat Transfer application mode.

The Non-Isothermal Flow predefined Multiphysics coupling allows the same 
boundary conditions as the separate application modes. On boundaries between fluid 
and solid domains, the temperature is always continuous, which is consistent with the 
default no-slip condition on the fluid velocity. 
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Turbulent Non-Isothermal Flow

Two variants of the Turbulent Non-Isothermal Flow predefined multiphysics coupling 
are available. The first one uses the k-ε turbulence model and the second one uses the 
k-ω turbulence model.

Both predefined multiphysics couplings combine three application modes: one Weakly 
Compressible Navier-Stokes and two General Heat Transfer application modes. The 
difference compared to loading these application modes separately is that suitable 
solver parameters will be set and that you will find two predefined subdomain groups: 
Fluid domain and Solid domain.

You must assign each subdomain to the proper group in each of the application modes. 
Selecting Solid domain for a subdomain has the following effect in each application 
mode:

• General Heat Transfer application mode 1 is deactivated.

• Convection is disabled in General Heat Transfer application mode 2, giving a pure 
conduction equation.

• The Turbulence Model application mode is deactivated.

Selecting Fluid domain has the following effects:

• In General Heat Transfer application mode 1, convection is enabled and the 
velocities taken from the Turbulence Model application mode.

• General Heat Transfer application mode 2 is deactivated.

• The density in the Turbulence Model application mode is taken from the active 
General Heat Transfer application mode.

The last point is to ensure that the same fluid model applies to both the active 
application modes, for example if you have selected Ideal gas from the Fluid type list in 
the General Heat Transfer application mode.There is also a boundary group, wall, 
available in the Boundary Settings dialog boxes of the General Heat Transfer application 
modes. This group setting for General Heat Transfer application mode 2 appears in 
Figure .
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Figure 7-17: The Boundary Settings dialog box for General Heat application mode 2 
loaded via a turbulent Non-Isothermal Flow predefined multiphysics coupling. The Wall 
group helps you to set up the thermal wall function boundary condition.

The wall settings apply to boundaries that separate a fluid domain from a solid domain. 
They implement a thermal wall function corresponding to the Logarithmic wall 
function for turbulent flow explained on page 199. The heat flux across the fluid-solid 
interface is assumed to be proportional to the temperature difference between the wall 
and the fluid on the opposite side of the viscous boundary layer:

Here,  is a constant of the turbulence model and kw is the value of the turbulent 
kinetic energy at the wall. Furthermore, Tw equals the temperature of the solid at the 
wall, while T is the temperature of the fluid on the other side of the omitted laminar 
sublayer. The quantity T+ is related to the dimensionless wall offset, , through the 
definition

q
ρCpCµ

1 4⁄ kw
1 2⁄ Tw T–( )

T+
---------------------------------------------------------------=

Cµ

δw
+

T+ 15Pr2 3⁄ PrT
κ

----------+ δw
+( )

PrT

2κ
---------- 1 κ

0.001PrT
--------------------------⎝ ⎠
⎛ ⎞ln+⎝ ⎠

⎛ ⎞–ln=
 7 :  M O M E N T U M  TR A N S P O R T



where κ is the von Karman constant, which is equal to 0.42. The Prandtl number Pr 
is taken to be 0.7, while the turbulent Prandtl number PrT equals 1. The Turbulence 
Model application mode supplies the dimensionless wall offset, , which is defined 
according to Equation 7-40.

Reference

1. L. Ignat, D. Pelletier, and F. Ilinca, “A universal formulation of two-equation 
models for adaptive computation of turbulent flows,” Computer methods in applied 
mechanics and engineering, vol. 189, pp. 1119–1139, 2000.

δw
+
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Bu i l d i n g  and S o l v i n g  a  
Non - I s o t h e rma l  F l ow Mode l

This model shows the application of COMSOL Multiphysics in modeling the 
non-isothermal flow of gases at relatively low flow velocities. It assumes that the work 
the gas does is negligible; that the variations in temperature arise through external 
heating; and that the gas is ideal. These assumptions are excellent at small flow 
velocities and low pressure, for example, near atmospheric pressure.

The model analyses the free-convection process outside a heated isothermal vertical 
plate. It illustrates how to couple the heat transfer equation to the equations for 
non-isothermal flow. It also compares the results to the empirical expressions for the 
heat flux from an isothermal vertical plate as presented by A. Bejan (Ref. 1). 

Model Definition—Heated Plate

A vertical plate is held at a constant temperature, which is higher than that of the 
surrounding air. When the warm plate heats the air near its surface, the air starts rising 
upward due to its change in density. This is called a free convection or natural 
convection process. When modeling this process, consider a rectangular subdomain 
that consists of air. The 10-cm plate is located on the right vertical wall. Figure 7-18 
shows the modeling geometry.

Figure 7-18: The modeling geometry consists of a vertical plate and the air outside the 
plate surface.

The steady-state Navier-Stokes equations for non-isothermal flow describe the air flow, 
while the heat equation for conductive and convective heat transfer describes the heat 

T0

y = 0.01m

y = 0.11m

T∞
ρ∞
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balance equation. Assuming that the dilatational viscosity of the fluid is zero, the 
model equations are formulated as follows:

In the above equations, η denotes the dynamic viscosity of air (Pa·s), u is the velocity 
vector (m/s), ρ refers to the density (kg/m3), and p is the pressure (Pa). Furthermore, 
k denotes the thermal conductivity (W/(m·K)), Cp represents the heat capacity (J/
(kg·K), and F is the volume force (N/m3).

Now set the volume force to

.

This equation expresses the lift force in terms of the local density change. The term  
is the density far away from the plate where the warm plate has no influence on the air, 
and g is the gravitational acceleration vector.

The equations also include the expression for density, which you obtain using the 
Boussinesq approximation:

where  is the temperature far away from the plate. Using the Boussinesq 
approximation to establish the relationship between temperature and density is often 
more stable than using the ideal gas equation because the Boussinesq approximation 
does not include the pressure. It thus assumes that the pressure is constant, which is a 
very good approximation in this model. The variation of Cp in the temperature range 
is less than one percent; it is therefore a reasonable simplification to assume it to be 
constant. The thermal conductivity and the viscosity of air vary somewhat more, but 
this model keeps them constant in order to capture the effect of expansion only.

For the heat equation, the model keeps the heated plate at a constant temperature,

.

The short boundaries below and above the vertical plate are thermally insulated so that

.

ρu ∇⋅ u ∇ pI– η ∇u ∇u( )T
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ρCpu ∇T⋅ ∇ k T∇( )⋅– 0=

F ρ∞ ρ–( ) g=

ρ∞

ρ ρ∞ 1
T T∞–

T∞
-----------------–⎝ ⎠

⎛ ⎞=

T∞

T T0=

n– k T ρ Cp T u+∇–( )⋅ 0=
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Ideally you would not include the insulated plates, but they are needed to create a 
smooth flow near the heated plate’s edges. On the bottom and left boundary, the 
model sets the temperature equal to the far-field temperature

.

Air rises upward through the upper horizontal boundary. Therefore assume that 
convection dominates the transport of heat,

.

For the non-isothermal flow, assume that the velocity is zero at the wall (including its 
leading and trailing plates), which corresponds to the no-slip boundary condition

.

The remaining boundaries all have the open boundary condition, meaning that no 
forces act on the fluid:

The open boundary condition in this case defines that you assume that the 
computational domain extends to infinity.

Results and Discussion

The model computes results for ten plate temperatures ranging from 10 °C to 100 °C 
above the far-field temperature. The far-field conditions hold for dry-air properties at 
room temperature, 293 K. The results from the simulation show a clear influence on 
the temperature field near the plate. It also shows the velocity field resulting from free 
convection due to variations in density. Figure 7-19 and Figure 7-20 display the 
temperature and velocity fields in the air for a plate temperature of 323 K, which is 
30 degrees above the far-field temperature. The temperature variations are fairly large 
near the plate, and that situation of course has a direct impact on the flow profile near 

T T∞=

n k T∇–( )⋅ 0=

u 0=

p– I η u∇ u∇( )T
+( ) 2η 3⁄( ) ∇ u⋅( )I–+( )n 0=
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the plate. The far-field temperature remains at room temperature, and the far-field 
velocities are also fairly small.

Figure 7-19: Temperature field for a plate at 30 degrees hotter than the far-field 
temperature.

Figure 7-20: Velocity field for a plate at 30 degrees hotter than the far-field temperature.
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Now examine the boundary region in detail. The following two figures show 
cross-section plots of the temperature and velocity profile, respectively, at y = 0.09 m.

Figure 7-21: Temperature profile for a plate temperature 30 degrees hotter than the 
far-field temperature.

Figure 7-22: Velocity profile for a plate temperature 30 degrees hotter than the far-field 
temperature.
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Within the boundary region, the temperature starts at the plate temperature and then 
decreases smoothly to the far-field temperature. The velocity, on the other hand, is 
zero at the plate boundary (because of the no-slip condition); it then increases with 
distance from the plate (because of the lift force on the fluid due to density variations). 
The velocity then reaches a maximum and starts decreasing again. Ideally, the far-field 
velocity should be zero. 

Figure 7-23 illustrates the resulting heat flux from the isothermal plate into the fluid. 
The heat flux from the plate is very high at the leading edge, and it then decreases 
along the plate. This is expected because the further up along the plate the air rises, the 
warmer the air is. Next compare the resulting heat flux that COMSOL Multiphysics 
calculates compared to the empirical expressions available for free convection from an 
isothermal plate.

Figure 7-23: The local heat flux from the isothermal plate into the fluid when the plate is 
30 degrees hotter than the far-field temperature. The horizontal axis goes from the leading 
edge to the trailing edge.

Comparing Results with Empirical Heat Transfer Coefficients

This model works with a simple geometry that makes it possible to compare the results 
with empirical expressions for the heat flux from the isothermal plate. This discussion 
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uses empirical expressions from Ref. 1 (Section 7.2.3, “Isothermal Wall (Laminar 
Flow),” to compute the local heat flux along a flat vertical plate as shown in 
Figure 7-24.

Figure 7-24: Boundary layer for temperature and velocity.

The local Nusselt number for an isothermal wall (laminar flow) is

 (7-49)

where Pr is the Prandtl number and Ra is the Rayleigh number. These are defined as

 (7-50)

.  (7-51)

The variables and constants in these expressions are:

•  η is the viscosity

• Cp is the specific heat

• k is the thermal conductivity

• β is the coefficient of volumetric thermal expansion

• Tw is the wall temperature

•  is the far-field temperature

• g is the gravitational acceleration

• y is the coordinate along the plate

y

x

T∞ Tw
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Inserting Equation 7-51 into Equation 7-49 gives the following expression for the 
local Nusselt number:

.  (7-52)

Further, evaluate all properties of air at the mean temperature ). 
Appendix D of Ref. 1 lists Pr and the entire factor  for dry air at different 
temperatures, which makes the evaluation of these properties less cumbersome.

The local heat transfer coefficient is obtained from

.  (7-53)

The heat flux is: 

.  (7-54)

Inserting Equation 7-53 into Equation 7-54 gives

.  (7-55)

Inserting Equation 7-52 into Equation 7-55 now gives the following expression for 
the heat flux from the plate into the air:

 (7-56)

The following discussion shows the detailed computations for the case 
. First evaluate the properties of air at the mean 

temperature so that 

.

At this temperature, the properties of dry air are:

• Pr = 0.7168
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)1.25
•  = 8.53·107 (m3·K)−1

• k = 0.0263 W/(m·K).

Inserting these material properties into Equation 7-56 gives the following expression 
for the heat flux, expressed as a function of the coordinate y:

The following graph plots the local heat flux, qy, together with the local heat flux 
obtained in the model for the plate temperature of 323 K.

Figure 7-25: Comparison of COMSOL Multiphysics results (solid line) and the empirical 
expression (dashed line) for the heat flux from a vertical plate. The plate is 30 degrees 
hotter than the far-field temperature.

The results in Figure 7-25 show very good agreement between the heat flux obtained 
with COMSOL Multiphysics and that computed with the empirical expression.

gβ
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=
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The next figure shows the same comparison between the results of COMSOL 
Multiphysics and empirical results for five temperatures ranging from 20 to 
100 degrees hotter than the far-field temperature.

Figure 7-26: Comparison of COMSOL Multiphysics results and empirical expression for 
the heat flux from a vertical plate for five different temperatures.

As expected, the heat flux into the fluid increases with wall temperature. The 
agreement between the results of COMSOL Multiphysics and the empirical 
computation is good, even for wall temperatures as high as 100 degrees hotter than 
the far-field temperature.

Reference

1. A. Bejan, Heat Transfer, Wiley, 1993.

Model Library path: Heat_Transfer_Module/Tutorial_Models/heated_plate
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Modeling Using the Graphical User Interface

M O D E L  N A V I G A T O R

1 Start COMSOL Multiphysics to bring up the Model Navigator.

2 Select 2D from the Space dimension list.

3 From the list of application modes select Heat Transfer Module> 
Fluid-Thermal Interaction>Non-Isothermal Flow>Steady-state analysis.

4 Click OK.

O P T I O N S  A N D  S E T T I N G S

Continue by creating a temporary database for constants the model uses.

1 From the Options menu, choose Constants.

2 Define the following constants; when finished, click OK.

G E O M E T RY  M O D E L I N G

1 Shift-click the Rectangle/Square button on the Draw toolbar on the left side of the 
user interface.

2 In the dialog box that appears enter the following rectangle properties; when 
finished, click OK.

NAME EXPRESSION

Tinf 293[K]

dT 10[K]

rho0 1.21[kg/m^3]

eta 1.81e-5[Pa*s]

k 27e-3[W/(m*K)]

cp 1006[J/(kg*K)]

gamma 1.4

p0 0[Pa]

g 9.81[m/s^2]

OBJECT DIMENSIONS EXPRESSION

Width 0.105

Height 0.12

Base Corner
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3 Click the Zoom Extents button on the Main toolbar.

4 Shift-click the Point button on the Draw toolbar.

5 In the dialog box that appears enter the following point properties; when finished, 
click OK.

6 In the same manner, create the a second point with the following point properties; 
when finished, click OK.

P H Y S I C S  S E T T I N G S

1 Go to the Options menu, find Expressions and then open Subdomain Expressions.

2 Select Subdomain 1 and enter the following expression; when finished, click OK.

Subdomain Settings—Weakly Compressible Navier-Stokes
1 From the Multiphysics menu select Weakly Compressible Navier-Stokes (chns).

2 From the Physics menu select Subdomain Settings.

3 Select Subdomain 1 and enter the following properties.

4 Click the Density tab and clear the Pressure p check-box.

5 Click OK.

x-position -0.055

y-position 0

OBJECT DIMENSIONS EXPRESSION

x 0.05

y 0.01

OBJECT DIMENSIONS EXPRESSION

x 0.05

y 0.11

NAME EXPRESSION

rho rho0*(1-(T-Tinf)/Tinf)

SETTINGS SUBDOMAIN 1

 η eta

 Fx 0

 Fy (rho0-rho)*g

OBJECT DIMENSIONS EXPRESSION
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Boundary Conditions—Weakly Compressible Navier-Stokes
1 From the Physics menu select Boundary Settings.

2 Enter the data given in the following table; when done, click OK.

Subdomain Settings—General Heat Transfer
1 From the Multiphysics menu select General Heat Transfer (htgh).

2 From the Physics menu select Subdomain Settings.

3 On the Conduction page enter the following properties (for properties not listed 
keep the default settings):

4 Click the Convection tab and from the Fluid type list, select Gas.

5 Enter gamma in the γ edit field.

6 Click the Init tab.

7 Select Subdomain 1 and type Tinf in the temperature edit field.

8 Click OK.

Boundary Conditions—General Heat Transfer
1 From the Physics menu select Boundary Settings.

2 Enter boundary settings as in the following table; when done, click OK.

SETTINGS BOUNDARIES 1–3 BOUNDARIES 4–6

Boundary 
type

Open boundary Wall

Boundary 
condition

Normal stress No slip

f0 0

SETTINGS SUBDOMAIN 1

 k (isotropic) k

 ρ rho

 Cp cp

SETTINGS BOUNDARIES 1, 2 BOUNDARY 3 BOUNDARIES 4, 6 BOUNDARY 5

Type Temperature Convective flux Thermal insulation Temperature

T0 Tinf Tinf+dT
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M E S H  G E N E R A T I O N

The following steps describe how to generate a mesh that properly resolves the velocity 
field near the wall without using an overly dense mesh in the far field.

1 From the Mesh menu select Free Mesh Parameters.

2 Click the Boundary tab and select Boundaries 4, 5, and 6.

3 In the Maximum element size edit field type 3e-4.

4 Click the Point tab and select Point 4.

5 In the Maximum element size edit field type 2e-5.

6 Click Remesh, then click OK.

C O M P U T I N G  T H E  S O L U T I O N

To easily find an initial guess for the solution, start by solving the problem for a higher 
viscosity than the true value for air. Then decrease the viscosity until you reach the true 
value for air. Make the transition from the start value to the true value using the 
parametric solver in the following way:

1 From the Solve menu select Solver Parameters.

2 In the dialog box that appears go to the Solver list and select Parametric.

3 On the General page go to the Parameter name edit field and enter dT.

4 In the Parameter values edit field type 10:10:100.

5 Click OK.

6 Click the Solve button on the Main toolbar.

PO S T P R O C E S S I N G  A N D  V I S U A L I Z A T I O N

The default plot shows the velocity field for Twall = 393 K. 

To create Figure 7-20 that shows the velocity field for Twall = 323 K, follow these 
steps:

1 Click the Plot Parameters button on the Main toolbar.

2 On the General page, find the Solution to use area and from the Parameter value edit 
field select 30.

3 Go to the Arrows page. Select the Arrow plot check box.

4 From the Predefined expressions list, select Weakly Compressible Navier-Stokes 

(chns)>Velocity field.
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5 In the Arrow positioning area type 40 in the edit field for the number of x points and 
type 10 in the edit field for the number of y points.

6 In the Arrow parameters area, clear the Auto check box for the Scale factor, then type 
2 in the associated edit field. 

7 Click the Color button. In the Arrow Color dialog box select white, then click OK.

8 Click Apply.

To create Figure 7-19, which displays the temperature field for Twall = 323 K, 
continue with the following steps:

1 Clear the Arrow plot check box.

2 Go to the Surface page. In the Predefined quantities list select list select General Heat 

Transfer (htgh)>Temperature.

3 Click OK.

The following steps describe how to create Figure 7-21 and Figure 7-22, which show 
the temperature and velocity profiles, respectively:

1 From the Postprocessing menu select Cross-Section Plot Parameters.

2 On the General page, from the Solution to use list select 30.

3 Click the Title/Axis button. Select the option button next to the First axis label edit 
field, then enter the label Distance from plate [m].

4 On the Line/Extrusion page, in the Predefined quantities list select General Heat 

Transfer (htgh)>Temperature.

5 In the Cross-section line data area enter the following properties:

6 Click Apply.

7 To generate the velocity-profile plot, from the Predefined expressions list select 
Weakly Compressible Navier-Stokes (chns)>Velocity field, then click OK.

The following steps describe how to create Figure 7-23, which shows the heat flux 
from the heated plate:

1 From the Postprocessing menu select Domain Plot Parameters.

FIELD VALUE

x0 0.05

x1 -0.05

y0 0.09

y1 0.09
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2 On the General page, from the Solutions to use list select 30.

3 Click the Title/Axis button. Select the option button next to the Title edit field, then 
enter the title Total heat flux from plate (T<sub>wall</sub> = 323 K, 
T<sub>\infinity</sub> = 293 K).

4 Go to the Line/Extrusion page. Select Boundary 5.

5 In the Expression edit field type -ntflux_htgh. This is the negative of the normal 
total heat flux out of   the modeling domain and thus equals the total heat flux from 
the plate into the modeling domain.

6 Click OK.

The following steps describe how to create Figure 7-25.

1 From the Postprocessing menu select Domain Plot Parameters.

2 On the General page, from the Solutions to use list select 30.

3 In the Plot in list select New figure.

4 Click the Title/Axis button. Select the option button next to the Title edit field, then 
enter the title Total heat flux from plate (T<sub>wall</sub> = 323 K, 
T<sub>\infinity</sub> = 293 K).

5 Select the option button next to the First axis label field and enter 
Distance from leading edge [m].

6 Select the option button next to the Second axis label field and enter 
Heat flux [W/m<sup>2</sup>].

7 Click OK.

8 Go to the Line/Extrusion page. Select Boundary 5.

9 In the Expression edit field type ntflux_htgh and click Apply.

10 On the General page, select the Keep current plot check-box.

11 Click the Line/Extrusion tab.

12 In the Expression edit field type -68.7*(y-0.01)^-0.25

13 Click the Line Settings button.

14 In the Line style list, select Dashed line, then click OK.

15 Click OK.

The following steps describe how to create Figure 7-26.

1 From the Postprocessing menu select Domain Plot Parameters.

2 On the General page, from the Solutions to use list select 20, 40, 60, 80, and 100.
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3 In the Plot in list select New figure.

4 Click the Title/Axis button. Select the option button next to the Title edit field, then 
enter the following title: 
Total heat flux from plate (T<sub>\infinity</sub> = 293 K).

5 Click OK.

6 Go to the Line/Extrusion page. Select Boundary 5.

7 In the Expression edit field type -ntflux_htgh.

8 Click OK.
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A p p l i c a t i o n  M o d e  I m p l e m e n t a t i o n
The Heat Transfer Module is built completely on top of COMSOL Multiphysics. 
All application modes are based on the same generic PDE and weak form equations 
defined in COMSOL Multiphysics. This chapter acts as a reference, where you can 
look up the variables defined and used by each application mode.
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App l i c a t i o n  Mode Ov e r v i ew

The application modes in the Heat Transfer Module fall into one of the Module’s two 
main branches: heat transfer and momentum transport. There are three separate 
application modes in the first group:

• The General Heat Transfer application mode offers the most complete heat transfer 
functionality available in COMSOL Multiphysics, including radiative heat transfer.

• Thin Conductive Shell application mode can only be applied to thin 3D surfaces, 
where it can considerably reduce model size and computational complexity.

• The Bioheat Equation is tailored for modeling heat transfer in living tissue. It uses 
Penne’s model to account for blood perfusion and metabolism.

For momentum transport, there is—technically speaking—only one application mode, 
which behaves rather differently depending on its property settings. Three 
combinations of property settings and defaults have their own names and entry points 
in the Model Navigator, and therefore, for all purposes, act as separate application 
modes:

• The Weakly Compressible Navier-Stokes application mode describes the 
momentum transport part of a coupled fluid-thermal problem where the fluid 
density is a function of pressure and temperature.

• The k-ε Turbulence Model application mode models turbulent flow using the 
standard k-ε turbulence model and logarithmic wall functions.

• The k-ω Turbulence Model application mode implements Wilcox’ k-ω model.

Note that you can change one into another using the settings in the Application Mode 

Properties dialog box. In the same way, you can also remove both turbulence and 
compressibility to reduce the application mode to laminar incompressible 
Navier-Stokes, or add a swirl velocity component to model swirl flow.

In addition to the pure application modes, the Heat Transfer Module includes three 
predefined Multiphysics couplings:

• Non-Isothermal Flow combines a General Heat Transfer application mode with a 
Weakly Compressible Navier-Stokes application mode to describe laminar flow with 
variable density.
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• Turbulent Non-Isothermal Flow in addition to turbulent Weakly Compressible 
Flow requires two separate General Heat Transfer application modes to model the 
jump in temperature across the turbulent thermal boundary layer.

• Joule Heating applies the resistive heating generated in a Conductive Media DC 
application mode from COMSOL Multiphysics, or the AC/DC Module if included 
in your license, as source in a General Heat Transfer application mode. The reverse 
coupling, giving a temperature-dependent conductivity, can also be included. The 
Joule Heating predefined Multiphysics coupling is documented under 
“Electro-Thermal Interaction—Joule Heating” on page 321 in the COMSOL 
Multiphysics Modeling Guide.
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App l i c a t i o n  Mode Equa t i o n s

The underlying PDEs, boundary conditions, and theoretical background for each 
application mode are described in the chapters “The General Heat Transfer 
Application Mode” on page 22, “The Thin Conductive Shell Application Mode” on 
page 136, “The Bioheat Equation Application Mode” on page 154 and “Momentum 
Transport” on page 169.

All subdomain equations for the application modes in the Heat Transfer Module are 
based on either the Coefficient form equation or the General form equation. See 
“What Equations Does COMSOL Multiphysics Solve?”  in the COMSOL 
Multiphysics Reference Guide for a concise listing of the different forms. The sections 
“Using the Coefficient Form PDEs” on page 239 and “Using the General Form PDE” 
on page 249, both in the COMSOL Multiphysics Modeling Guide, provide a more 
thorough introduction including examples.

You can find out which equation form a particular application mode uses by choosing 
Model Settings from the Physics menu and looking at the default Equation system form. 
Note that you can always choose to display equations in a more general equation 
system form than the one used by the application mode. That is, you can always switch 
from Coefficient form to General form, and from General form to Weak form, but not 
in the opposite direction. In a Multiphysics model, the application mode implemented 
in the least general form decides which equation forms are available. 

To see how the equations for the application mode you are using are implemented in 
the selected equation system form, choose Equation System>Subdomain Settings from 
the Physics menu. In the dialog box, you will find a number of coefficient pages, where 
you can inspect how the application mode defines the terms in the generic equation of 
the selected form, as well as two pages marked Element and Variables. On the Element 
page, you can examine the shape functions used by the application mode to represent 
its the dependent variables. The Variables page, which is discussed in more detail in the 
next section, contains a list of variables defined by the application mode.

Under Physics>Equation System, you will also find similar dialog boxes for boundary 
conditions and variables, as well as for edge and point settings. Note that you can 
always modify the subdomain equations, boundary conditions, and definition of the 
application mode variables by editing the coefficient expressions and variables in the 
different Equation System dialog boxes.
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App l i c a t i o n  Mode V a r i a b l e s

The application modes in the Heat Transfer Module define a large set of variables. This 
chapter contains lists of the variables that each application mode defines. Other 
information, like the theoretical background for the application modes, can be found 
elsewhere in Heat Transfer Module User’s Guide.

Most application modes define variables of three different types. The dependent 
variables are the unknowns solved for. They are represented using shape functions, 
and are essential to any problem, that is, they cannot be replaced by numerical values 
or expressions in terms of other variables. You can specify names for the dependent 
variables when you select an application mode in the Model Navigator. Below, the 
default names are listed for each application mode.

The application scalar variables are normally numerical values, for example universal 
constants, model parameters and user-controlled constants such as the frequency of a 
harmonic oscillation. In rare cases, they can also be globally defined expressions in 
terms of other application mode variables. In the following sections, any application 
scalar variables are presented in a table together with their default value, unit and 
description.

Remaining variables defined by the application mode, collectively referred to as 
application mode variables, are expressions defined in terms of other variables and 
constants on domains of a specific dimension. Further, the definition can vary from 
domain to domain, depending on the currently applied physics settings. The 
application mode variable tables in the following sections are organized as follows: 

• The Name column lists the names of the variables that you can use in expressions in 
the equations or for postprocessing. Note that some variables represent vector- or 
tensor-valued expressions. In that case, there is one variable for each component, 
using the independent variable names as index. For example, if the table writes the 
variable name as T_xi, the actual variables are typically called T_x and T_y in 2D 
Cartesian coordinates and T_r, T_z in axisymmetric geometries.
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Note: All variables defined by the application mode, except the dependent variables, 
get an underscore plus the application mode name appended to them. For example, 
the default application mode name for the Incompressible Navier-Stokes application 
mode is chns, hence, the density variable name is rho_chns.

• The Type column indicates if the variable is defined on subdomains (S), boundaries 
(B), edges (E), or points (P). The column indicates the levels where the variable is 
explicitly declared. Variables that are not explicit on domains of a given dimension 
can nevertheless be evaluated if they are declared in an adjacent domain of higher 
dimension. When there is more than one adjacent domain, an average value is 
computed. For example, all subdomain variables can also be evaluated on 
boundaries, but on interior boundaries take on the mean of the values in the two 
adjacent subdomains.

The Type column can also show a (V) or (T) to indicate that the variable is a 
component of a vector or tensor. Vector variables are included in the lists of 
predefined expressions for plot types such as Arrow, Deform and Streamline.

• The Description column gives a description of the variables.

• The Expression column gives the expression of the variables in terms of other 
variables or physical quantities, or a reference to an explanation elsewhere.

The application mode variables listed in the following sections are all available both for 
postprocessing and when formulating the equations. Note that you can also find the 
definitions of these variables directly in the graphical user interface of COMSOL 
Multiphysics. From the Physics menu, choose Scalar Variables to inspect the application 
scalar variables, or select one of the items in the Equation System submenu to open the 
Equation System dialog box for the corresponding dimension. On the Variables page, 
you will find the application mode variable names and their definitions (which you can 
also change, if you like). 

Note that the actual variable names in your model may depend on the spatial 
coordinate names, as well as on the order in which application modes are added to a 
Multiphysics model. The names and definitions may also be affected by application 
mode property settings and by the physics settings for the particular subdomain or 
boundary. Therefore, it is good practice to always check the variable names for your 
particular model in the GUI, before using them in equations.
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General Heat Transfer

Note: The dependent variable for the radiosity, J, is always present but is used only if 
the model includes surface-to-surface radiation.

APPLICATION MODE NAME

htgh

TABLE 8-1:  DEPENDENT VARIABLES, GENERAL HEAT TRANSFER

NAME DESCRIPTION

 T Temperature

 J Radiosity

TABLE 8-2:  SCALAR VARIABLES, GENERAL HEAT TRANSFER

NAME VALUE UNIT DESCRIPTION

sigma 5.67·10-8 W/(m2·K4) Stefan-Boltzmann constant

Rg 8.31451 J/(mol·K) Universal gas constant

TABLE 8-3:  APPLICATION MODE VARIABLES, INCOMPRESSIBLE NAVIER-STOKES

NAME TYPE DESCRIPTION EXPRESSION

Dts S Time-scaling coefficient δts

rho S Density ρ

C S Heat capacity Cp

k S Thermal conductivity k

kxixj S Thermal conductivity tensor, 
xixj component

kij

Q S Heat source Q

gamma S Ratio of specific heats γ

u, v, w S x1-, x2-, x3-velocity  u, v, w

p S Pressure p

eta S Dynamic viscosity η

hz S Out-of-plane heat transfer 
coefficient (1D)

hz

hu S Out-of-plane heat transfer 
coefficient, upside

hu
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hd S Out-of-plane heat transfer 
coefficient, downside

hd

Textz S Out-of-plane external 
temperature (1D)

Text,z

Textu S Out-of-plane external 
temperature, upside

Text,u

Textd S Out-of-plane external 
temperature, downside

Text,d

epsilonz S Out-of-plane emissivity (1D) εz

epsilonu S Out-of-plane emissivity, upside εu

epsilond S Out-of-plane emissivity, 
downside

εd

Tambz S Out-of-plane ambient 
temperature (1D)

Tamb,z

Tambu S Out-of-plane ambient 
temperature, upside

Tamb,u

Tambd S Out-of-plane ambient 
temperature, downside

Tamb,d

Ac S Cross-sectional area Ac

Pc S Cross-sectional perimeter Pc

dz S Thickness dz

da S Total time scale factor δtsρCp

gradT S Temperature gradient

dflux S Conductive flux

cflux S Convective flux

tflux S Total heat flux

dflux_xi S (V) Conductive flux, xi component

cflux_xi S (V) Convective flux, xi component ρCpT ui

tflux_xi S (V) Total heat flux, xi component

TABLE 8-3:  APPLICATION MODE VARIABLES, INCOMPRESSIBLE NAVIER-STOKES

NAME TYPE DESCRIPTION EXPRESSION

∇T

k∇T

ρCpTu

k∇T– ρCpTu+

kij
T∂
xj∂

-------–

j
∑

kij
T∂
xj∂

-------–

j
∑ ρCpTui+
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beta_xi S Convective field, xi component ρCpui

Dm S Mean diffusion coefficient

cellPe S Cell Peclet number

res S Equation residual

res_sc S Shock-capturing residual

qconv S Out-of-plane convective heat 
flux (1D, 2D) ,

qrad S Out-of-plane radiative heat flux 
(1D, 2D) ,

da S Total time-scale factor δtsρCp

q0 B Inward heat flux, heat source/
sink

q0

T0 B Prescribed temperature T0

h B Heat transfer coefficient h

Tinf B External temperature Tinf

epsilon B Emissivity ε

sigma B Stefan-Boltzmann constant σ

Tamb B Ambient temperature Tamb

J0 B Surface radiosity expression J0

TABLE 8-3:  APPLICATION MODE VARIABLES, INCOMPRESSIBLE NAVIER-STOKES

NAME TYPE DESCRIPTION EXPRESSION

kijβiβj

i j,
∑

β
2

-------------------------

ρCpuh
k

-------------------

∇ k– ∇T ρCpTu+( )⋅

Q–

∇ ρCpTu( )⋅ Q–

hz Textz, T–( )

hu Text u, T–( ) +

hd Text d, T–( )

εzσ T4
ambz, T4

–( )

εuσ T4
amb u, T4

–( ) +

εdσ T4
amb d, T4

–( )
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Note: The variables Gm and Famb are evaluated by the view factor evaluation code, 
which is encapsulated in an elirradiation element object (see elirradiation on 
page 87 in the COMSOL Multiphysics Reference Guide). After exporting the FEM 
structure to the COMSOL Script command line or MATLAB, you can inspect its 
element syntax representation by locating the element in the fem.elemmph field.

rhos B Density of highly conductive 
layer

ρs

Cps B Specific heat of highly 
conductive layer

Cp,s

ks B Thermal conductivity of highly 
conductive layer

ks 

ksxixj B Thermal conductivity of highly 
conductive layer, tensor xixj 
component

ks,ij

ds B Thickness of highly conductive 
layer

ds

ndflux B Normal conductive flux

ncflux B Normal convective flux

ntflux B Normal total heat flux

G B Surface irradiation G

Gm B Mutual surface-to-surface 
irradiation

Gm

Famb B Ambient view factor Famb

rflux B Radiative flux J0 - G

U B Convection fluid velocity for h 1

L B Convection length scale for h 1

s B Convection local coordinate 
for h (3D)

TABLE 8-3:  APPLICATION MODE VARIABLES, INCOMPRESSIBLE NAVIER-STOKES

NAME TYPE DESCRIPTION EXPRESSION

n k∇T–( )⋅

ρCpTn u⋅

n k∇T– ρCpTu+( )⋅

s1
2 s2

2+
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Thin Conductive Shell

APPLICATION MODE NAME

htsh

TABLE 8-4:  DEPENDENT VARIABLES, GENERAL HEAT TRANSFER

NAME DESCRIPTION

 T Temperature

TABLE 8-5:  SCALAR VARIABLES, GENERAL HEAT TRANSFER

NAME VALUE UNIT DESCRIPTION

sigma 5.67·10-8 W/(m2·K4) Stefan-Boltzmann constant

TABLE 8-6:  APPLICATION MODE VARIABLES, INCOMPRESSIBLE NAVIER-STOKES

NAME TYPE DESCRIPTION EXPRESSION

Dts B Time-scale factor δts

rho B Density ρ

C B Heat capacity Cp

ds B Thickness ds

k B Thermal conductivity k

kxixj B Thermal conductivity tensor, 
local system xixj component

kij

Q B Heat source/sink Q

qu B Out-of-plane inward heat flux, 
upside

qu

qd B Out-of-plane inward heat flux, 
downside

qd

hu B Out-of-plane heat transfer 
coefficient, upside

hu

hd B Out-of-plane heat transfer 
coefficient, downside

hd

Textu B Out-of-plane external 
temperature, upside

Text,u

Textd B Out-of-plane external 
temperature, downside

Text,d

epsilonu B Out-of-plane emissivity, upside εu

epsilond B Out-of-plane emissivity, 
downside

εd
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Tambu B Out-of-plane ambient 
temperature, upside

Tamb,u

Tambd B Out-of-plane ambient 
temperature, downside

Tamb,d

da B Total time-scale factor δts ρ Cp

gradT B Temperature gradient

tflux B Total heat flux

tflux_xi B (V) Total heat flux, xi component

qconv B Out-of-plane convective heat 
flux

qrad B Out-of-plane radiative heat flux

q0 E Heat source/sink q0

de E Effective edge thickness de

T0 E Prescribed temperature T0

h E Heat transfer coefficient h

Tinf E External temperature Tinf

epsilon E Emissivity ε

Tamb E Ambient temperature Tamb

TABLE 8-6:  APPLICATION MODE VARIABLES, INCOMPRESSIBLE NAVIER-STOKES

NAME TYPE DESCRIPTION EXPRESSION

∇T

k∇T–

kij
T∂
xj∂

-------–

j
∑

hzu Text u, T–( ) +

hzd Text d, T–( )

εzuσ T4
amb u, T4

–( ) +

εzdσ T4
amb d, T4

–( )
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The Bioheat Equation

APPLICATION MODE NAME

htbh

TABLE 8-7:  DEPENDENT VARIABLES, GENERAL HEAT TRANSFER

NAME DESCRIPTION

 T Temperature

TABLE 8-8:  APPLICATION MODE VARIABLES, INCOMPRESSIBLE NAVIER-STOKES

NAME TYPE DESCRIPTION EXPRESSION

Dts S Time-scale factor δts

rho S Density of tissue ρ

C S Specific heat of tissue C

k S Thermal conductivity of tissue k

kxixj S Thermal conductivity tensor of 
tissue, xixj component

kij

rhob S Density of blood ρb

Cb S Specific heat of blood Cb

wb S Blood perfusion rate wb

Tb S Arterial blood temperature Tb

Qmet S Metabolic heat source Qmet

Qext S Spatial heat source Qext

gradT S Temperature gradient

flux S Total heat flux

flux_xi S (V) Total heat flux, xi component

Qb S Blood perfusion heat source ρb Cb wb (Tb − T)

hb S Blood perfusion heat transfer 
coefficient

ρb Cb wb

de B Effective edge thickness de

q0 B Inward heat flux q0

T0 B Prescribed temperature T0

h B Heat transfer coefficient h

∇T

k∇T–

kij
T∂
xj∂

-------–

j
∑

A P P L I C A T I O N  M O D E  V A R I A B L E S  |  245



246 |  C H A P T E R
Tinf B External temperature Tinf

nflux B Normal heat flux

TABLE 8-8:  APPLICATION MODE VARIABLES, INCOMPRESSIBLE NAVIER-STOKES

NAME TYPE DESCRIPTION EXPRESSION

n k∇T–( )⋅
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Momentum Transport

I N C O M P R E S S I B L E  N A V I E R - S T O K E S

APPLICATION MODE NAME

chns

TABLE 8-9:  DEPENDENT VARIABLES, INCOMPRESSIBLE NAVIER-STOKES

NAME DESCRIPTION

 u, v, w Velocity in the x1, x2, and x3 directions

 p Pressure

TABLE 8-10:  APPLICATION MODE VARIABLES, INCOMPRESSIBLE NAVIER-STOKES

NAME TYPE DESCRIPTION EXPRESSION

rho S Density  ρ

eta S Dynamic viscosity  η

F S Volume force  F

U S Velocity field  | u |

V S Vorticity

K B Viscous force per unit 
area

T B Total force per unit area

cellRe S Cell Reynolds number

res S Equation residual

res_sc S Shock capturing residual

beta S Convective term  ρu

da S Total time-scale factor  ρ

divU S Divergence of velocity 
field

taum S GLS time scale

∇ u×

η ∇u ∇u( )T
+( )[ ] n⋅

η ∇u ∇u( )T
+( ) pI–[ ] n⋅

ρ u h
η

--------------

ρut ρ u ∇⋅( )u ∇p F–

∇ η ∇u ∇u( )T
+( )[ ]⋅

–+ +

ρut ρ u ∇⋅( )u ∇p F–+ +

∇ u⋅

min ∆t
ρ
------ 0.5h

max ρ u 6η
h

-------,⎝ ⎠
⎛ ⎞

-------------------------------------,

⎝ ⎠
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎛ ⎞
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tauc S GLS time scale

Dm S Mean diffusion coefficient  η

u0, v0, w0 B Velocity (Velocity BC)  u0

p0 B Pressure (Pressure BC)  p0

f0 B Normal stress (Normal 
stress BC)

 f0

Fbnd B Stress (General stress BC)  F

U0in B Normal inflow velocity 
(Velocity BC)

 U0

U0out B Normal outflow velocity

(Velocity BC)

 U0

uvw B Velocity of tangentially 
moving wall (Sliding wall 
BC, 2D)

 uw

uw, vw, ww B Velocity of tangentially 
moving wall (Sliding wall 
BC, 3D)

 uw

uwall B Velocity of moving wall 
(Moving/Leaking wall BC)

 uw

U0 B Average velocity (laminar 
inflow/outflow BC)

 U0

V0 B Volume per time unit 
(laminar inflow/outflow 
BC 3D)

 V0

Lentr B Entrance length (laminar 
inflow BC)

 Lentr

Lexit B Exit length (laminar 
outflow BC)

 Lexit

p0_entr B Entrance pressure 
(laminar inflow BC)

 p0, entr

p0_exit B Exit pressure (laminar 
outflow BC)

 p0, exit

TABLE 8-10:  APPLICATION MODE VARIABLES, INCOMPRESSIBLE NAVIER-STOKES

NAME TYPE DESCRIPTION EXPRESSION

0.5 u hmin 1 ρ u h
η

--------------,⎝ ⎠
⎛ ⎞
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S W I R L  F L O W

The application mode variables are identical to those of the Incompressible 
Navier-Stokes, see Table 8-10.

TU R B U L E N T  F L O W,  K - ε TU R B U L E N C E  M O D E L

Table 8-13 shows the different scalar variables used in the k-ε Turbulence Model 
application mode:

APPLICATION MODE NAME

chns

TABLE 8-11:  DEPENDENT VARIABLES, SWIRL FLOW

NAME DESCRIPTION

 u, v, w Velocity in the r, z, and  directions

 p Pressure

APPLICATION MODE NAME

chns

TABLE 8-12:  DEPENDENT VARIABLES, K-ε TURBULENCE MODEL

NAME DESCRIPTION

 u, v, w Velocity in the x1, x2, and x3 directions

 p Pressure

 log k Logarithm of turbulent kinetic energy

 log d Logarithm of turbulent dissipation rate

TABLE 8-13:  SCALAR VARIABLES, K-ε TURBULENCE MODEL

NAME DESCRIPTION EXPRESSION

Cmu Turbulence modeling constant (= 0.09)

Cd1 Turbulence modeling constant (= 1.44)

Cd2 Turbulence modeling constant (= 1.92)

sigmak Turbulence modeling constant (= 1.0) σk

sigmad Turbulence modeling constant (= 1.3)

kappa von Kármán constant (=0.42)  κ 

Cplus Logarithmic wall function constant (= 5.5)

ϕ

Cµ

Cd1 Cε1=

Cd2 Cε2=

σε

C+
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In addition to the application mode variables available for the Incompressible 
Navier-Stokes application mode, the following variables are available.

TU R B U L E N T  F L O W,  K - ω TU R B U L E N C E  M O D E L

Table 8-16 summarizes the different scalar variables used in the k-ω Turbulence 
Model application mode:

TABLE 8-14:  APPLICATION MODE VARIABLES, K-ε TURBULENCE MODEL

NAME TYPE DESCRIPTION EXPRESSION

k0 S Turbulent kinetic energy
 

d0 S Turbulent dissipation rate
 

etaT S Turbulent viscosity

APPLICATION MODE NAME

chns

TABLE 8-15:  DEPENDENT VARIABLES, K-ω TURBULENCE MODEL

NAME DESCRIPTION

 u, v, w Velocity in the x1, x2, and x3 directions

 p Pressure

 log k Logarithm of turbulent kinetic energy

logw Log of specific turbulent dissipation rate

TABLE 8-16:  SCALAR VARIABLES, K-ω TURBULENCE MODEL

NAME DESCRIPTION EXPRESSION

Cmu Turbulence modeling constant (= 0.09)  

alpha Turbulence modeling constant (= 13/25)  α

beta0 Turbulence modeling constant (= 9/125)  β0

beta0k Turbulence modeling constant (= 0.09)  β0,k

sigmaw Turbulence modeling constant (= 0.5)  

kappa von Kármán constant (=0.42)  κ

Cplus Logarithmic wall function constant (= 5.5)

k e klog
=

ε e dlog
=

ρCµ
k2

ε
------

Cµ

σω

C+
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In addition to the application mode variables available for the Incompressible 
Navier-Stokes application mode, the following variables are available.

WE A K L Y  C O M P R E S S I B L E  N A V I E R - S T O K E S

The application mode variables are:

TABLE 8-17:  APPLICATION MODE VARIABLES, K-ω TURBULENCE MODEL

LABEL TYPE DESCRIPTION EXPRESSION

k0 S Turbulent kinetic energy

omega0 S Specific turbulent dissipation rate

etaT S Turbulent viscosity

APPLICATION MODE NAME

chns

TABLE 8-18:  DEPENDENT VARIABLES, WEAKLY COMPRESSIBLE NAVIER-STOKES

NAME DESCRIPTION

 u, v, w Velocity in the x1, x2, and x3 directions

 p Pressure

k e klog
=

ω e wlog
=

ρe k wlog–log

TABLE 8-19:  APPLICATION MODE VARIABLES, WEAKLY COMPRESSIBLE NAVIER-STOKES

NAME TYPE DESCRIPTION EXPRESSION

rho S Density  ρ

eta S Dynamic 
viscosity

 η

kappadv S Dilatational 
viscosity

 κ

F S Volume force  F

U S Velocity field  | u |

V S Vorticity

K B Viscous force 
per area

T B Total force per 
area

cellRe S Cell Reynolds 
number

∇ u×

η ∇u ∇u( )T
+( ) 2η

3
------- κ–⎝ ⎠
⎛ ⎞ ∇ u⋅( )I– n⋅

pI– η ∇u ∇u( )T
+( ) 2η

3
------- κ–⎝ ⎠
⎛ ⎞ ∇ u⋅( )I–+ n⋅

ρ u h
η

--------------
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res S Equation 
residual

res_sc S Shock capturing 
residual

beta S Convective field  ρu 

Dm S Mean diffusion 
coefficient

 η

da S Total time-scale 
factor

 ρ

divU S Divergence of 
velocity field

taum S GLS time scale

tauc S GLS time scale

TABLE 8-19:  APPLICATION MODE VARIABLES, WEAKLY COMPRESSIBLE NAVIER-STOKES

NAME TYPE DESCRIPTION EXPRESSION

ρut ρ u ∇⋅( )u ∇p F–

∇ η ∇u ∇u( )T
+( ) 2η

3
------- κ–⎝ ⎠
⎛ ⎞ ∇ u⋅( )I–⋅

–+ +

ρut ρ u ∇⋅( )u ∇p F–+ +

∇ u⋅

min ∆t
ρ
------ 0.5h

max ρ u 6η
h

-------,⎝ ⎠
⎛ ⎞

-------------------------------------,

⎝ ⎠
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎛ ⎞

0.5 u hmin 1 ρ u h
η

--------------,⎝ ⎠
⎛ ⎞
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G l o s s a r y  
This glossary contains application-specific terms used in the Heat Transfer Module 
software and documentation. For information about terms relating to finite 
element modeling, mathematics, geometry, and CAD, see the glossary in the 
COMSOL Multiphysics User’s Guide. For references to more information about a 
term, see the Index in this or other manuals.
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G l o s s a r y  o f  T e rm s
anisotropy   The condition of exhibiting properties with different values when 
measured in different directions.

bioheat equation   An alternative form of the heat equation that incorporates the effects 
of blood perfusion, metabolism, and external heating. The equation describes heat 
transfer in tissue.

blackbody   A blackbody is a surface that absorbs all incoming radiation, that is, it does 
not reflect radiation. The blackbody also emits the maximum possible radiation.

conduction   Heat conduction takes place through different mechanisms in different 
media. Theoretically, conduction takes place through collisions of molecules in a gas, 
through oscillations of each molecule in a “cage” formed by its nearest neighbors in a 
fluid, and by the electrons carrying heat in metals or by molecular motion in other 
solids. Typical for heat conduction is that the heat flux is proportional to the 
temperature gradient.

convection    Heat convection takes place through the net displacement of a fluid, 

which translates the heat content in a fluid through the fluid's own velocity. The term 

convection is also used for the heat dissipation from a solid surface to a fluid, where the 

heat transfer coefficient and the temperature difference across a fictive film describes 

the flux. The Heat Transfer Module includes both descriptions.   

emissivity   A dimensionless factor between 0 and 1 that specifies the ability of a surface 
to emit radiative energy. The value 1 corresponds to an ideal surface, which emits the 
maximum possible radiative energy.

heat capacity   See specific heat.

highly conductive layer   A highly conductive layer is a thin layer on a boundary. It has 
much higher thermal conductivity than the material in the adjacent subdomain. This 
allows you to assume that the temperature is constant across the layer’s thickness. The 
General Heat Transfer application mode supports heat transfer in highly conductive 
layers.

irradiation   The total radiation that arrives at a surface.
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Navier-Stokes equations   Equations for the momentum balances coupled to the 
equation of continuity for a Newtonian incompressible fluid.

opaque material   An opaque body does not transmit any radiative heat flux, that is, the 
surface of an opaque body has a transmissivity equal to 0.

radiation   Heat transfer by radiation takes place through the transport of photons, 
which can be absorbed or reflected on solid surfaces. The Heat Transfer Module 
includes surface-to-surface radiation, which accounts for effects of shading and 
reflections between radiating surfaces. It also includes surface-to-ambient radiation 
where the ambient radiation can be fixed or given by an arbitrary function.

radiosity   The total radiation that leaves a surface, that is, both the emitted and the 
reflected radiation.

specific heat    Refers to the quantity that represents the amount of heat required to 
change one unit of mass of a substance by one degree. It has units of energy per mass 
per degree. This quantity is also called specific heat or specific heat capacity.

specific heat capacity See specific heat.      

thin conductive shell   An application mode for modeling heat transfer in a thin shell. 
“Thin” means that the shell is thin enough, or has high enough thermal conductivity, 
for you to assume that the temperature is constant across the shell’s thickness. See also 
highly conductive layer.

transparent material   A transparent body transmits radiative heat flux, that is, the 
surface of a transparent body has a transmissivity greater than 0.

thermal conductivity    The definition of thermal conductivity is given by Fourier’s law, 
which relates the heat flux to the temperature gradient. In this equation, the thermal 
conductivity is the proportional constant.
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A absolute pressure 32

ambient temperature 61

application mode

General Heat Transfer 239

Thin Conductive Shell 136, 243

application mode properties

azimuthal sectors 25

cache view factors 25

radiation integration order 25

radiation resolution 25

surface-to-surface radiation method 

25

weak constraints 25, 137

application modes

Bioheat Equation 154

General Heat Transfer 22

Incompressible Navier-Stokes 172

Thin Conductive Shell 136

Weakly Compressible Navier-Stokes 

207

application scalar variables 237

application variables 237

arterial blood temperature 155, 157

assembly pairs, boundary conditions on 

44

average Nusselt number 18

axial symmetry boundary condition 48, 

159

axisymmetric radiation 59

azimuthal sectors 25, 59

B Babuska-Brezzi condition 185

bioheat equation 154, 161

blood density 157

blood perfusion rate 155, 157

boundaries

grouping of 63

boundary conditions 43

axial symmetry 48

compatible with radiation 60

continuity 48

convective flux 47

Dirichlet type 9

for turbulence models 199

heat flux 46

heat source/sink 48, 63

Neumann type 9

on pairs 44

specified heat flux 9

specified temperature 9

specifying 45

symmetric 159

temperature 47

thermal insulation 47

thin thermally resistive layer 44, 49

types of 45

boundary properties 49

Boussinesq approximation 188, 217

bulk coolant velocity 53

bulk temperature of coolant 53

buoyancy forces 95

buoyancy-driven flow 95

C caching view factors 25

characteristic length 17

closure 195

eddy viscosity 196

closure relations 193

COMSOL Material Library 35

conduction 20

in heat transfer 6

conductive heat transfer 28

contact pair 44

continuity 44
I N D E X | 257



258 | I N D E X
continuity boundary condition 48

continuity equation 170

control volumes 91

convection 20

forced vs. natural 16

in heat transfer 6

convection length scale 52

convective cooling 15

convective flux 9

convective flux boundary condition 47

convective heat transfer 29

cooling power 97

correlations, of Nusselt numbers 18

D density 30

of blood 157

of tissue 157

dependent variables 237

diatomic gases 30

direct area integration method 58

Dirichlet boundary condition 9

dissipation rate 196

E eddy viscosity 193, 196

element order 65

element Peclet number 183

external bulk temperature 158

external forced convection 52

external natural convection 52

F fluid types 31

forced convection 16

Fourier’s law of conduction 7

Fourier’s law of heat conduction 140, 157

free convection 209, 216

G Galerkin least-squares artificial diffusion 

208

gas 31

gauge pressure 32

General Heat Transfer application mode 

22, 239

GLS artificial diffusion 106

GLS method 208

gradient

temperature 70, 157

Grashof number 17

grouping of boundaries 63

H heat capacity 30, 68, 155

heat equation 7

heat flux

boundary condition for 159

vector 70, 157

heat flux boundary condition 46

heat flux discontinuity 44, 159

heat source from metabolism 155

heat source/sink boundary condition 48

with radiation 63

heat sources 30

from metabolism 157

heat transfer 20

by conduction 6

by convection 6

by radiation 6

coefficient 46, 158

conductive 20

convective 20

radiative 20

heat transfer coefficient 43

heat transfer coefficients 15, 49

Heat Transfer Coefficients library 18, 49

details of 52

materials in 53

Heat Transfer Module 3.4

new features in 3

hemicube method 58

highly conductive layers 67, 130

highly conductive shells

energy transferred through 43



I ideal gas 31

settings for 32

identity pair 44

Incompressible Navier-Stokes applica-

tion mode 172

incompressible Navier-Stokes equations 

172

influx from radiation 43

inf-sup stability condition 185

integral cooling power 97

interior boundary 43

internal forced convection 52

internal natural convection 52

inward heat flux 43

irradiation 10, 56

K Kármán’s constant 200

k-epsilon turbulence model 196

k-omega turbulence model 197

L Lagrange multipliers 43

laminar buoyancy-driven flow 95

laser irradiation 161

length scales 51, 53

liquid 31

Liquids and Gases library 36

local coordinates, in shells 140

local Nusselt number 18

logarithmic wall functions 200

low Mach number flows 8

M Mach number 207

master and slave pairs 45

material libraries 35

material properties

from material libraries 33

materials library 15, 33

metabolic heat sources 157

micro fuel cells 81

molar mass, number-average 32

N NAFEMS benchmark 77

natural convection 16, 216

natural-convection problems 108

Navier-Stokes equations 170, 172

Neumann boundary condition 9

new features in version 3.4 3

non-isothermal flow 216

Non-Isothermal Flow predefined multi-

physics coupling 211

non-Newtonian fluids 171

normal heat flux continuity 44

normal vector of the boundary 43

number-average molar mass 32

Nusselt correlations 53

Nusselt number 16, 222

average 18

local 18

O out-of-plane ambient radiation 137

out-of-plane heat transfer 71

P Peclet number 183

Pennes’ approximation 154

perfusion rate of blood 157

Prandtl number 16, 222

pressure types 32

pressure work 28, 31

R radiation 20

in axisymmetric geometries 59

in heat transfer 6

surface-to-ambient 11

surface-to-surface 11

radiation integration order 25

radiation resolution 25

radiative heat transfer 56

enabling 60

radiosity 10, 23

radiosity method 56

RANS 194
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ratio of specific heats 30

Rayleigh number 16, 222

realizability constraints 203

reference bulk temperature 43

reference pressure 32

Reynolds number 16, 17, 193

Reynolds stress tensor 195

Reynolds-averaged Navier-Stokes 194

Reynolds-averaged Navier-Stokes equa-

tions 193

S shells

local coordinate system for 140

thin conductive 136

SI units 38

solving natural-convection problems 108

solving surface-to-surface radiation 

problems 65

source and destination pairs 45

spatial heat source 157

specific heat

of blood 157

of tissue 157

specified heat flux 9

specified temperature 9

stagnation point anomality 204

Stefan-Boltzmann constant 25, 56

strain rate tensor 170

surface emissivity 61

surface radiosity expression 61

surface temperature 53

surface-to-ambient radiation 11, 57

surface-to-surface radiation 11, 57

direct area integration method 58

guidelines for solving 65

hemicube method 58

surface-to-surface radiation method 25

swirl flow 190

Swirl velocity property 190

symmetry boundary condition 159

T temperature

boundary condition for 62, 159

temperature boundary condition 47

temperature continuity 44

temperature gradient 70, 157

thermal conductivity 17, 30, 68, 81, 155

thermal insulation 9, 47, 159

thermally resistive layer 44, 49

thermos model 90

Thin Conductive Shell 243

thin conductive shells 136

time-scaling coefficient

in highly conductive layers 69

in the bioheat equation 157

in the heat equation 30, 74

tissue density 157

total heat flux vector 43

turbulence kinetic energy 196

turbulence models

k-epsilon 196

k-omega 197

k-omega vs. k-epsilon 198

switching 205

turbulent flow 193

turbulent heat conductivity 30

turbulent length scale 201

Turbulent Non-Isothermal Flow prede-

fined multiphysics coupling 213

turbulent viscosity 196

turbulent weakly compressible flow 210

typographical conventions 4

U universal gas constant 25

up and down pairs 45

V view factors 57

caching 25

viscous heating 28, 31



viscous length scale 200

viscous stress tensor 171

viscous sublayer 199

volume force 217

W wall functions 199

weak constraints 25, 137

weakly compressible flow 207

Wilcox k-omega model 197
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